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TABLE II.A-I

Ranges over which polynomial approximations are used

for the various functions.

function Interval

SIm t/4,

COS /

TM 1 r/8

ATAX *(v -1)

15W *0.375

et 0, 0.5

0.5, 1.0

SOT 0.5, 1.0

SrN 0111.0

CsW *1.0

TAUn *0. 5

hzt" 20.375

04NO ~ &0.25

= polynomial not used

ACOHS polyCimial not used



taken. The operations dealing with the powers of 2 are assumed to be ven'y

fast; they will be machine dependent and should be tailored specifically for

each machine.

The hyperbolic functions and their inverses are approximated by poly-

nomials in a narrow region around the origin and outside this region are

computed from their relationship to EXP, LN and SQRT.

The inverse functions arccos(x) and invcosh(x) have an anomalous

behavior in the neighborhood of x = 1; they cannot be approximated by a poly-

nomial in x near x = 1. Instead we have

arccos(x)-V2y + y2/3 + 4y 3 /45 +

where y = 1-x, and

invcosh(x) - 2y - y2 /3 + y 3/ 45 ..

where y = x-1.

The first two terms are used to approximate the functions,and the third

term is used to control the range over which the approximation is used in such

a way as to maintain the error tolerance. Outside this range the arccos ne is

computed from the arcsine; the invcosh is computed from LN and SQRT.

For the arcsine, an odd power series is used in the region about the

origin; outside this region the arcsine is computed from its relation to

arctangent and SQRT function, i.e.,

arcsine(x) = arctan(x/ Ix).

II. B. Chebyshev Approximations

The advantage of the Chebyshev polynomials is that they are the poly-

nomials having the largest number of maxima and minima on the given interval

and for which all maxima and minima are equal in magnitude. Thus, if the

lowest order term neglected can be considered the error function, it can be

seen that the error is more or less uniformly distributed over the interval,

7



and can be shown to have the smallest maximum error of any polynomial approxi-

mation of the same order.

Since accuracy requirements are known at compile time, it is possible in

Ada to determine both the number of Chebyshev terms and the values of the

coefficients to the power series at that point.

Example: sin(wx).

This function can be mapped onto the interval -1: x_< +. The function can

then be well approximated in this range by the n-term Chebyshev series

sin(sx) BkTk(x) -1sxs+1

where the Bs can be calculated from

B Tk(x) sin(wx)dx/l'vT 7

-1

(Only the odd numbered Bs will be nonzero.)

Each T kx) is a polynomial of order k

kj
T ks W C kjexi.

The Cs are well known and calculated exactly.

8



The n-term power series approximation for the sine then is

sin(x) t l E Bkckj x

1-Sk-<n o<j<k

Ej A ix'i

where

Aj : BkCkj ,

We see that adding more Chebyshev terms, say to improve the accuracy, changes

all the A coefficients of the power series. Similar considerations apply to

approximations for the other functions.

II.C. Other Approximations

In addition to Chebyshev derived polynomials, two other approximations

commonly used are Pade' like approximations and continued fraction. The

Pade' like method consists of approximating as a function a ratio of two

polynomials P(x)/Q(x); it can be converted to an equivalent continue fraction

and vice versa. While these methods can sometimes be superior to a simple

linear Chebyshev polynomial approximation in the sense that the same or better

accuracy can be obtained with fewer computer operations, they all suffer the

same drawbacks from the point of view of trying to write machine and accuracy

independent programs. This is that for optimum conditions, all coefficients

or constants in the method will change if the accuracy is changed. The Pade'

and continued fraction methods suffer other problems.

First, it is much more difficult to find the optimum set of coefficients

for a given accuracy, while this is relatively easy to do for the Chebyshev

series. The Chebyshev series requires storing only a single set of constants

9



(10) for each function while for the P(x)/Q(x) method, an entire set of

constants would be needed for each accuracy interval.

A second reason for not going with the ratio of polynomials is that

it requires a division operation and the trend for hardware today is toward a

relatively slow divide operation relative to addition and multiply. Present

day hardware suggests we should avoid divisions where practical. (See IV.A.2

for a further discussion of this point.)

In summary, the Chebyshev method was chosen over the P(x)/Q(x), the

ratio of two polynomials, because

1) Variable accuracy methods are relatively easier to obtain;

2) Fewer stored constants are required;

3) A division operation is eliminated (or traded for some number

of multiplications and additions).

III. Ada Considerations

The principal Ada techniques expected to be most useful in developing

machine and accuracy independent functions are the package and generic rin-

cepts. The main idea is that the functions will be embedded in a package with

a generic parameter, call it REAL, describing the type (number of digits) to

be used in the floating point arithmetic. The type REAL or its number of

digits is then specified by the user in his main program. Then at the time the

package and user program are integrated, the package is instantiated with the

appropriate number of digits for REAL.

There are a number of program features that depend on the number of

digits in REAL (called in Ada REAL'DIGITS).

First, the number of terms in the ChebysheV series and so the power

series is determined by requiring that the Chebyshev terms not used are all

smaller than 100*(-REAL'DIGITS). Next, this determines the size of the arrays

that hold the power series polynomial coefficients. Then, in some cases

10



(AM, £COSH, and TAI) the ra1e i enich & particular aporO1aiation Is used

will be determined by the number or digits in RMEA; the cmutation of these

ranges is carried out in the initialization block of tw function p.*,,br

Certain assumptions concerning the comuter arithmetic have been mad* in

writing thes packages. We believe these assumptions are, in general, consis-

tent with the Ada view, the IEU standar4s, and the WF or Ueb4La choice of

floating point arithmetic. Tese asumptions are as follow:

1. There is a maxima floating point number (called in ada

FLOAT'LARGI).

2. -MLOATILARGE exists and is the emat neative floating Point

number.

3. Every floating point number including FLOAT'S1MLL but

excepting zero, nos a reciprocal; the reciprocal of

-*FLOAT'iLAR may be zero, but need not be.

4. Any positive number can be subtracted free FLOAT'LANGE tri any

positive number can be added to -LOAT'LAPGE without causing

an exc*ptlon alarm.

5. FLOATOLARGE can be divided by any number greater than or eqAIL

in magnitude to 1.0 or multiplied by any number less than or

equal in magnitude to 1.0 without causing an exception.

6. Any two floating point numbers (including tLOAT'LAICE, can be

compared without causing an overflow or exception.

IV. Routines

IV.A. Introduction

IV.A.1. Variable Accuracy

One of the prime goals of this effort was to construct these subroutines

11
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There is one exception to the above description of how the error is

controlled and that is for the SQRT function. In the square root function a

single Newton-Raphson or Heron's iteration is performed; i.e.,

x (y/x + x)12

where x . This operation squares the relative error when the error is

aal. For SORT it is only the first approximation that is obtained from the

Chebyshev polynomials, the final value is obtained from the above iteration.

Thus the accuracy of the power series need be only as good as the square root

of the relative error tolerance; i.e., if the relative error tolerance is 10 5

the polynomial need only be s accurate as 10 2 5  3.16 - 5  the Heron

Iteration will improve this back to 10"

The Chebyshev approximations normally give absolute not relative error

limits. When dealing with floating point arithmetic it is relative error that

or# wishes to maintain more or less uniform over some internal. For the even

functions this is not a problem since in the interval of approximation the

functions do not change greatly and so the relative error 's very nearly equal

to the absolute error (the functions being approximately 1 at the origin). To

maintain the relative error more or less constant for the odd functions, say

f(). we use a Cheb-ohev approximation to f(x)/x. This gives nearly uniform

relative error for f(x) on the interval around x a O,and again the absolute

error Is approximately equal to the relative since for these odd functions

lis (x-')f(x)/x * 1. So for example, the Chebyshev coefficients for the SIN

functlon are actually those for uin(x)/x, and those for TAN are in fact for

tan(s)/x, etc., for all the odd functions.

21



IV.A.4. Error Conditions and Out of Range Alarms

In nearly all computer arithmetic systems there is a limit to the size of

a floating point number; there is also a smallest-in-magnitude nonzero number.

These numbers are machine dependent but referable in Ada as F'LARGE and

F'SMALL, where F refers to the (floating point) type. Because of these limits

there are certain functions such as EXP, SINH, COSH, etc. for which only a

relatively restricted range of inputs are valid. Thus for example, if we

refer to our floating point type as REAL, input values to the EXP function

greater than ln(REAL'LARGE) cannot be computed since they would result in

values greater than REAL'LARGE. There are other functions such as LN and SQRT

that havc invalid ranges because the result would not be in the real number

system (but would be complex). For example, numbers less than or equal to

zero are invalid inputs for LN; X <0 is invalid for SQRT(X).

The problem of what to do about invalid inputs is complicated Dy the fact

that all computer arithmetic with floating point numbers involves rouning;

floating point arithmetic is seldom exact. When rounding takes place in the

neighborhood of the boundary between the valid and invalid region of the

function, it is difficult to decide what is the best action to take. Thus for

example, if one wants to evaluate:

SQRT(A + B + C - SIN(D))

and the exact valie of A B+C-SIN(D) is 0 but due to rounding (or truncation in

SIN) the computer results turns out to be -1.0 E-9, what is the proper action?

How should the SQRT subroutine respond to small negative inputs, and what is

small? One action would be to trip a numeric exception alarm and let (force)

the user handle the problem. Some systems halt the computation at this point.
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Another solution is to assume that there is a small negative region such that

input from that region ought really be treated as input of zero and not trip

the exception alarm for these inputs, simply return zero; however it is

difficult to determine how large or small this boundary interval should be.

The solution to the problem of the invalid input here is different yet

from those mentioned above. We take the point of view that there should be no

truly invalid input region and redefine our functions so all inputs are

legitimate and will return some value and no exceptions are ever raised. For

example, SQRT is defined so that

SQRT(X) ' X ? 0,

0 x< 0

The square root function given here always returns a value, with no exception

raised for input values from -REAL'LARGE to REAL'LARGE. Thus, small rounding

errors in the vicinity of zero will cause no difficulties; however, it is the

users responsibility to trap any input values to SQRT that the user feels

ought to be considered illegitimate. Table IV.A.4-I gives the extended

definition of the elementary functions showing how the usually considered

invalid regions are treated. As an example, Figure IV.A.4-I shows how the

arcsine function is extended beyond the normal input range of ± 1.0.

As mentioned above the main virtue of extending the definitions of the

functions into their normally invalid regions is to avoid extraneous error

signals when the argument drifts into the invalid region by a small amount of

rounding or truncation error. This solution may not be the best resolution to

the problem nor the solution desired by a particular user. It does however

have the virtue of allowing the user to determine what he would like to see as
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Table IV.A.4-I

A list of the functions and the way in which their inputs were extended to

the normaly invalid regions, together with the ouput values in these regions.

SIN(X) zsin(x) all x

COSW ) cos(X) all x

TAN(x) =tan(x) all x

(returns 1 REAL'LARGE

for x z± 9/2, t3 /2, !5 1/2 ... )

ASINWx :4arcsin Wx lXI 4r 1.0

+ 12 X > 1.0

12 X < -1.0
ACOS(x) lxis~x 'X 1.0

0X> 1.0

- V x < -1.0

ATANWx arctan(x) all x

EXP(x) e lxI < ln (REAL'LARGE)

0 x <-ln (REAL'LARGE)

REALLARG x >ln (REAL'LARGE)

U4(x) ln(x) X > 0f -REALILARGE x < 0

SQRT(x) VIX .00

SINH(X) 31nh(x) lxic ln(REAL'LARGE)jREAL'LARGE/2 x >ln(REAL'LARGE)

I-REAL'LARGE/2 x < -ln (REAL'LARGE)
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TANtI(x) tanh(x) all x

ASINHWx % inVslth(X) all x

ACDSH(x) %flnvc -sh(x) x #1.0

1 0 x <1 .0

jREALILARGE x v 1.0

-REAL'LAAGE x -1.0
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.he viso rVILkAs 4ad 4110M3 (r0q4.IPs.I his to got his a error tralos ror

what tnat soer on. wLrs itlegittsnte inputs.

Input Vajie %4ne: -bUL'LAU t. MIIAILA., t n ra4ia s)

Output Value Range: .1,0 to 0-0

The argument. a. to first eapp-d onto the ,nterval . OA? to I go?,

If a 4 WA the s'n or costnt polynomial .9 cemputed for Uaw respective

runctton; i r i ,s grter than 3/. 515 calIs the cosine polynomal .taj tx%

calls the sine polynomual wit.h tne appropriate sign and phse o4justent.

There are no invaie input r output ranges for SIN and 'OS. lwevr

because of truncation and/or rounding errors it is possible for results to be

returned which are slightly larger In magnitude than 1.0.

IV.B.2- TAP

Input Value Range: -RAL'LAMM to REAILLARN (in radians)

Output Range: -RALIAROCK to RIALILAMG3

The arguent. x, is first mapped onto the Interva1 -514t to 5 18. 1frxi

then is less than w/8 the tangent polynomial is called; it ixi is in the

range v/8 to 39/8 the tangent polynomial for IxI - /4 is computed (as Q)

and TAN is evaluated s (Q*I)/( I-Q), with appropriate sign*. If Ilx 1 3 w /8,

TAN is computed from the reciprocal of the tangent polynomial vith appropriate

sign and phase adjustment.

The only invalid input argiments are 1xi s m W/2, ml, 3, 5, etc. For

these angles the value :- REAL'LAROE is" returned. No error halt or exceptions

are generated.

This is an application of the relation

tan x - (tan(x-b) + tan b)/(i - tan(x-b))

vith b - t 1/4
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Iv. D. 13 ATAJ

VaLid Input Vale Rang*: -i.O to 1.0

14tput ran&,: -REALLARGE to REALLARGE

:f the argument. x. ts ir tn .nterval -0.25 to 0.25 a polynomial

*ppr*fiLEj A .* 4se for ATAN. In the interval 0.25 -Ixl 1.0 the relation

K * * 1'-g)) '2s used.

Frr . lva:Li. input re pion XI -1.0. the value * REAL'LARGE -i returned

*nJ n. rrr i.tt or oesption .s ratsed; ti.3 point 1s discussed In Section

7 T1 .A , ,

V1A . Verification of tour PictU Paoaae

Shrtj. praving iti~a 9*h f,4nct oo gi1van here Is correct. the best that

:,an oo Joe%# .* to :fois 'I. zrroctnoss 3V ,tti value computed for a large

number of *rgusnta s for oac. function1. S nce at this point we have no way of

Obt~tnina hck 4 *s intera1ay in Ads, it appears that to check them, we

sust write them out *nd verfr each value by hand or by another computer

p1Ogra in a aifreront snatgge 5ueft *a FORTRAN.

Therv is. ho~wver. another tood method of verifying the correctness of a

large number >f Taiue* of a function and that is by checking certain addition

theorems for those functions. Fe" ex ,ple the sine and cosine should obey the

relation sin'X * "o 2 t t f r all x. This. however, is not a very good check

in te rehative error of te wiler of these could be very large but not

be oberved. A better rhec are the *triple relations". For examle

sin, Is = sin I - 4 sins

can be used to verit y the sine functizm. The triple relations have the

advantage of requiring Just one of the functions at a time and allows it to be

[] lllllll ... -I-S



checked against itself. Table IV.C-I gives a set of triple relations for the

functions considered here. A very good verification procedure would be to

check the triple relation of each function for several thousand (random)

points uniformly distributed over a range that would ensure the exercising of

all branches of the function code. Let us emphasize again that this has not

been done yet due to lack of time and not having a suitable Ada compiler. Only

the exponential function has been executed and partially verified; Figures

V.B-I and II give triple relation error curves of EXP for a limited sample of

arguments.

V. Critique

V.A. Wtaat Went Wrong

The most serious difficulty encountered by this project was the lack of

an adequate Ada compiler. In fact not until 30 days before the final

termination date of the project (60 days after the original termination date,

a three month no cost extension was requested and granted), did we obtain the

Ada/ED compiler. Ada/ED (Version 11.4) was obtained through NTIS and is

,.3nsldered a preliminary unvalidated version intended for education and

experimental use only. And while it was extremely complete, it did have a

variety or bugs or errors; those we uncovered are listed in Table V.A-I.

Thene er-.r, while not serious once they were understood, contributed

significantly to our confusion. We were, in fact, learning about Ada and the

Jifficuities of untangling our mistakes and misapprehensions about Ada from

, rors ir Version 11.4 proved a real strain and lead to the consumption of

vast amounts of computer time. (Ada/ED is an experimental version and not

L-.igned ror production use - it is very slow -- by a factor of about 104 to

36



Table IV.C-I

The "Triple Relations" for Verifying the Accuracy of the Elementary Functions.

sin 3x = 3 sin x - 4 sin 3x

cos 3x = -3 cos x + 4 cos3x

tan 3x = (3 tan x - tan 3x)/(1 - 3 tan 2x)

e3x . (ex)
3

in 3x In 3 + in x or in x 3 in x

v'j ':: vl v%'x or V7 (I )3

sinh 3x = 3 sinh x + 4 sinh 3x

cosh 3x = -3 cosh x + 4 cash x

tanh 3x = (3 tanh x + tanh 3x)/(1 + 3 tanh 2x)

3 sin -1 x = sin 1(3x - 4x3 )

3 cos -  x = cos 1 (-3x + 4x3)

3 tan- x = tan - ((3x - x3)/(1-3 x2

3 sinh -1 x = sinh 1(3x + 4x3)

3 cosh " x = cosh- 1(-3x + 4x
3)

3 tanh-  x = tanh
- 1 ((3x + x3)/( + 3x 2))
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Table V. A-1

A list of known flaws (as of 10/26/81) in the Ada/ED Compiler Version 11.4

Compile Time:

1. Generic and actual parameters may not have the same name.

2. LONG FLOAT not implemented.

3. Won't handle exponentiation of a universal constant.

Run Time:

1. Won't multiply by a floating point number if its value is 0.0.

2. INTEGER truncates instead of rounds (sometimes?).

3. Universal constants as parameters of functions or procedures cause a

RUN time error halt, not a compile time error.
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105 (in execution) over what will be required in a production mode.)

The net result of not obtaining a compiler until so late in the program

and then to have it be somewhat flawed has been that the functions and

packages here are not very well debugged. In fact we will have to include the

disclaimer that "this package of functions is an unvalidated early version and

is intended for experimental use only". We would like to be able to claim at

this point that each of the functions has been thoroughly debugged and can be

certified correct; but this is not at all the case. The best we can claim is

that they have been syntax checked; except for the EXP function, none of the

functions given here have been executed. Preliminary debugging of the EXP

function has been accomplished and error curves obtained showing that EXP does

meet the error tolerances requested; however, even here more checking should

be done before it is released for incorporation into a "live" system.

V.B. What Went Right

The main bright note of this project is that most of the ideas about how

to use Ada to build library packages seem to have checked out. To surunarize

these briefly*

1) Packages; the packaging feature of Ada works nicely and is just what

is needed for writing library subroutines.

2) Generics; also work well and provide a mechanism for constructing

variable accuracy routines where the error tolerance is effectively supplied

by the user at the time the package is integrated into his total program.

This has been demonstrated explicitly for the EXP function where the error

curves show how the accuracy depends on the users specification of the number

of digits in his REAL type variables; see Figures V.B-I and II.
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3) Overloading; this was a useful and convenient device but was not

really crucial to setting up the library routines. The main advantage of

overloading was that it allowed mixed mode arithmetic (most of the arithmetic

operators were overloaded for various combinations of INTEGER, REAL, FLOAT

and LONG-FLOAT).

4) Function and procedures; these constructs also worked well and of

course were indispensable in setting up an elementary math function library.

5) Dynamic Arrays; worked well and were especially useful for library

routines in allocating exactly the needed storage (for the polynomial

coefficients for example).

6) Isolation of machine dependent operation; most of the operations

expected to be machine dependent were isolated into small, short functions.

These are mainly the bit-picking operations and are to be tailored by each

installation to their particular hardware. By using the pragma INLINE, these

operations can be made run time efficient. However, since the INLINE pragma

is not implemented in the Ada/ED version 11.4, it was not possible to

demonstrate explicitly here that this works well. We were able to demonstrate

that this is not a difficult or unnatural way to proceed.

As mentioned earlier we were able to demonstrate that the elementary

function package is syntactically correct and have been able to execute a

reduced package containing just the EXP function. Figures V.B-I and II show

error curves for the EXP function. (These error curves were generated by

comparing e 3x with (eX )3 for 50 values of x. Note

that A e X /(eX) 3 
- 1 can be up to four times the error tolerance since

cubing ex 4ill triple the relative error and the error in e3x can be in the

opposite direction.) It would be desirable to run several more such curves at

different (higher) accuracy requests bcforc certifying the correctness of the EXP
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Figure V.2-I
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)t
III funCtlOn /(:.'I,.IL).~1L%TfEE.) return LD"l:;-L0AT 15 --
11? - Of4wid INLI'4
1)3 0*31-1 return A.us.r'Ar( I,
114 *flj /01
11s
116
117 trct'n (:1 L)rt.r17EPIs -

119 *afjnctlnn 1%4t jives trio Loese 2 py' nnpit
121 Ot A, &UC'l tlAt ').5 <= <kC),eA FPNL

125 -- orovulol x is '.pt k):
122 *.It S"Ou11 "0 'dcI I"A 'fce'Prt IM,- -rlttt In asserb1j code.

120 Do 31 It A /a *.1 f-.
127 -Ilej I s ..
12b ? 0 aZ4

1 3c e, "n!
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13 1r 4 4-

1 35

139
140 TO".Cor~t~nlL f- .- OA'4- '5e~es nf -lul In Y:' ca- I er verst142

14) t-n. n AI ')f To i r ., s
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lt/ -- iirL.

' " o I "t t:10* col I l est he trJltten is assembly code.
17u --

17
174 t anc t tor .,
174 S

171 retlrn ,r,, Is --

I 79 e~Jtrn it ' trior retlirn A;
Pese rotdrr Y:

ldl '),' It-
182 enl CjIiw;

10 3

15 tunction ..
18 K( j4 : ':I l. A  Y

1 87 A, ( : I.- [f', )R
1 d retiJrn I r* t I ti I -

ldg -- Ora,a IL~l;
190 benin if A then rettrn XI
tll else rtourn Y;
192 eni ifg
193 end Cot,,,I;
I #4
195
196 tUnCt ton 'J)( t'ot: R ) return hOOLFAN is
197 -- Prein,4 I.i,l4;
198 -- Aetter in Assep'lv cole.
1q beqin return I moa 2 / 0;
200 enj 0110;
201
202
203 function R0U ,n(X:mP:AI,) return INTF.(;EP is --
204 -- vra4ma IL-q:;
205 -- Nt: Version 11.4 ot compiler T'IItCATF TOWARDS ZERO
206 -- insteal ot rolinliny for LNT1Gt&l.
2U7 beliin it X 0.0 tPen return INTFIR(X +0.5);
208 else return I reGER(K - 0.5)1
20q end If;
211 eni R,)lMJ;
211
212
213 function "rem"(A, B:R4AL) return PFAL iS --
214 -- ores 1, LINE;
215 -- Rtter in assembly It there Is a machine
216 -- code instruction for remainaer divide of FLOATs.
217 beqln return(A - 8*I0FAh,ROUND(A/I)))l
218 end Orem!
219
220
221 function SIGN(Z, X:IFAL) return REAl. Is -
222 -- Pra ma INLINLI
22) oeiln It Z < 0.0 then return -X;
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224 elsit Z > 0.0 tten return xY
225 else return 0.0;
22h end If;
227 end SIN;
22d
229
230 function PILY(X:REAI,; A:A.REAL) return PEAL is --
231 *- praqmi1, 4LJNE -- ?
232 TKAP:RFAL A(ALASI);
233 oejin for J in reverse O..A'1,AS'I'-t
234 loop TFMP := A(J) + X*TEMP;
235 end loot):
236 return TE4P;
237 eni Pr)jY ;
238
239
240 function JUD.P0LY(X:HFAL; A:A.HEAL) return REAL is --
241 -- orR~ma 11,I4EI
242 begin return X*P'I, Y(X*X, A)
243 end fV)1-P.POLY1
244
245
246 tunction VF.N_.POLf(X:R.At,; A:A.HEAL) return REAL is --

247 -- oraJcina INIANE;
218 begin return P0LY(X*X, A);
249 end ;VEWJPOLY;
250
251
252

254 --
255 -- The Elementary Functions in ADA
256 --

257 -- In the past t;e ejementary functions have been written In
258 -- mssemhly code And Incorporated into the hiQher order language
259 -- crolram y reinq Intrinsics of the lanquaqe and were handled as
2b0 - P part of the colriler. The accoracy was fixed at the accuracy of
261 -- the ntchine for whjCh the compilation was done. In Ada, however,
262 - neither the Tacnine nor the accuracy is known until compile time,
2t,3 -- In most cises these functions are iiapped onto some reduced range
264 -- ani then a.prnxldate1 over that range by a Cnebyshev polynomial
265 lerlven power series. (The Aivantaqe of the Chebvshev polynomials
2bb -- Are that they 4ive a smaller maiclmuP error over the approximation
267 -- ranuje tnn Any other polynomial ot the some Jegree.)
2b -- 1he Ctsenvsnev rolynomials theinse-lves are not used but the sums
269 -- of t;etr coefficients 3f liKo Lowers of the variable are used as
27o' -- tre constants tn tne power series. Since the Chebyshev polynomials
271 -- contiln @ll oowers uD to the order of the oolynomial, adding one
272 -- orp tern (to uct ,ore accurac for example) changes all the terms
273 -- in tne power seres. Thts means that the number and values of the
274 -- coetticients "ust re calculated at compile time (or later) when
275 -- retutred dccuracv is KMown.
276 --
277 --
27 ................................................------.. - - - -. oe. ..a
279
2,4Ao
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291
282 subtype INT.1.2 Is INTCGER range 1..2;
283 subtype INT.O.1 Is INTEGER range 0..i;
284 KNAX:constant :a 10;
285 type A-..LONG-FLOAT is array(INTEGER range <>) of UG.I.LOAT;
286
297
288 PI :constant := 3.14159.26535.9793.2384b.26433;
289 SORT2 :constant := 1.41421.35623-7309!)-_04880.16887;
290 LN.2 :constant :t 0.b9314.71805.59945.30941.72321;
291
292

293.29.. --

295 -- CHEYSr,.V FXPANSION
296 --

297 --
298 -- Let
299 -- f(x) = SQM(4(K)*T(k,x/n)), -d<zx<=zd
300 -- (0(--K<ar;)
301
302 -- wtere
303 -- T(Kx/n) 3 SUn(C(K,1)*(x/a)**j)
304 --

305 --
306 (--K) = (2/ull)*Intecrdl(t(x)*I(kx/d)/se2rt(1-(x/i1)s*2)), K>0
307 -- (-l<=x/,<=1)

3ug -- = (2/rl)*Inteqral(t( *cCs(y))*ccs(Kiy))
310 -- (O<=v=.1)
311 --
312 -- then
313 - t(x) = (u=*(x /(I)** i)

315 --
31b -- = '((I)9,C*.1)
31) -- (lI(:j<=2r)
311 -

31'4 -- wieze

321 -- <zk<=n)
322 -
323 --
3243

325
32o j ,dCxdue i 'AL.I0 IS ner- Fo.lA'T.[,j(i .r );

;27 USe WA: -I..J, :
378
329
33o procedtore .. t (

331 A:oiit A._ F Ai,;

333
334 : T..'..J ) JS --
335 - 2 2, 1 = n )jves even iower series,
J3i -- i, = 2, 1 2 1 qJves o-i, s.,nwer series,
J37 -- , 0 : j t tves Ito"' even and 0d terms,
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338 -- G u 1, I = 1 is undefined.
339 -- The CHEbYSHEV constants:
340 function C(N, J:INTEGER) return INTEGER is --
341 -- This is not efficient, time wise, out no matterl
342 -- only used to initialize package constants,
343 -- never used In reel time.
344 -- This IS efficient space wise, since it eliminates
345 -- the need of storing the sparse matrix C(N, J).
34b oejin it K < 0 or else J < 0 or else J > N
347 or else JDD(N+J) then return O;
348 elsif (J=u and N=0) or else (N1l and Jr1) then return 1;
349 else return 2*C(N-1,J-l) - C(N-2, J);
350 end If;
351 enl C;
352 TEMP:LUOG.FLOAT;
353 CTE"P:INTEGERY
354 begin -- TCh.511.
355 for J in O..A'LASr
356 1OO TE4P := 0.0;
357 for K in I..A'bASr
358 loop CfEMP := C(t.K+I, L*J t);
359 - V Version 11.4 wont multyplv Dy floatina zoro.
360 if CTP /= U then
361 TEMP := TEMP + CTEOPIh(k):
362 end If;
363 end todD;
364 A(U) := Au(T MP$ (-I)**-L$J-I));
365 PIIT(A(J), 010TH Z> 15);
366 end loop;
367 new.iine:
36$ end TCH-SJM;
369
37o
371 function LIm(6:A..L0..FL)Ar, (c:HF:A. t= 10.0) return JvT GFH Is --
372 K:IfNFT;ER := I;
373 Ar-AGIT'S:IfTr1F'ER := lNT .;kk(F ALD XGITS):
374 negin
375 PUT(J, wIOTH => 15); new.line;
37b P11T(2€U, vilUlr => Lb); ne%.lJne;

377 1oot it A h(RH4L(I(K]) < u0*(-HEAI,.1GLTS) tne"
37b returr, k - 1;
379 elsif 0 x R'LAST then return K;
380 end If;
381 K :2 P + I;
382 en,1 ino;
3H3 enJ 6Im)
384

385
316 -- Note -.xxx(-1) = DARnitude ot ranqe of variable In fulnction xyx;
387 - 1
388 -- ..SI'(-t) = uI/4 P..OU&/-) = tI/C
369 -- B.0ASI (-I) .0.375 t.T&,l(-I) 3 oI/
390 -- .-SjRT(-1) I 0.2b I.EXP(-I) .25
391 -- b.ATAN(-I) sirt(?) - 1
392 -- i..--1) u (2 - srirt(W)/(7 * s.rt(2))
393 -- 9.SP*r(-t) : 1.0 A.:jSH(-1) 1.0
394 -- O.TAvH(-? z 0.5 )ATAv5(-1) .25
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395 -- ..ASINH(-1) 0.375
39b
397

398 tnese constants arP teileved to be accurate to trhe 24tht decleal digit.
399
400 dSIPJ:eonstaint A.L~r-GI.JAT(-1,,.KAA) :M ~ Initializes
401 P1/4, o.94977-04415-68744-77636-82691,
402 -J.0491.1.041 13..J703b.ht*401.-49296, 0,00038-.77134_.36152-.82730-.9028,
403 -u . ooll_ 41 !)8 091-3 ud_.jt,335, tO.O00..0030.7 3651..15S44..85A72,
404 0.'hjt.,O..00Qfl0.00014_.27564..99S07,
40b 0O. fl)I,jUU-..O -)0f.0J14..36072, 'n.ouW)0..0A000.00o.00000..17840,
40t) -u. fou0_ 00~f~0-nIGo...t',OI)0u_00008, 0.
407
408 R-..OS:constant ~ -Initilizs

409 P1/4. u, o5jb3..19137..0480.(ul270.-040b0,
410 1 ).'',142..44'4S.1814_.6479.69079,
411 -0.flU00t%1#9fl4Y..nm ip i_2q3O.0('th/1, uo.n~'0,u-.O27..7659!...6')118-.739S2,
412 ! ).vOO..O-000(0.00lI55..49548..54t57,

414 0.()1uJ)If,..iI.O)i, 0)
415
41b ti...A:cnstant A )~.'Jr-.r..X -initialize;

417 pi/hi, 1 .*'2f.,Jb-f60!5-.7t433-.731d..77401,

419 .u, .J3b.737.. 47-3, *

422 -fC-1 23
423
424 SI..ATA :cnnsta')L .V..L'(.PfLU.-kl i-1 A) ( -- itieille:
425 0.41421..P5b23.7 m,4~i~j-,Q7, ,74(3) V4..10uS~,
42h -U .02105a 7?. 4_.2 41, /9.~7.. '7S~, .i

42h )1 *~ )jI~u IS I 4 I'j3 .1Q ' J, * CJ~'c)'t Ij..'12.it%4

431

434 . ,t22 trJ7 pl).D,,

43., 1

441 1.Po

44.4 II.U~ii)j.u_-)'III' 11.4 2,~~p1~) ))~

447
441 N'. spc-sIn .. .' T(-1 .. '' tA I (- 'I )i~

449 I.1
450) I~,4.~)i, .,p'~f~ 2,~~r,'



'yt~~~~~ *...i. W9 U* 9( V) I.~ T' QuCAl [U4120 PAGF

4% Pli- 4u% 31 1 .02l1h, * ).''jO,ef0_000()flOOO1.0196-)
75 4

63 ,

4 4'~,, I $s~1 t.,I f) * I,bc 600.0O'If000(O(-00O0OO1 207 4

451 K.,,:)rart :z I3(- nitializes
4!)?j '.,n12t-2263773.i911..S732l.

I%~ ~ ~~ -. 'l'". 1 t ',ii 1t-2 1.*9, ti.1'fl9~.014.1) 14V.92802-75177,

411 ~4j * IL)-l it) P 7'_1 IS 41 ?A~ 4 f'. ')?3ol034eC')2.biiN

4qf 3 !)*)j-).. o~ 3 4~ .J_..d i 1_1f' 7404, * i' (, )00000uU'O7713078466)12F

4h4
4b' ti 1 1_N IA "Co tt A - -FL.O A '(I. .F' 3A X I- nItl*lel
4 6 t 1)2'? , 1n7102)5.6k34-6394-26297,

4bg j . i o ( . -I 04a2i-w3 -4 1 f ) 4_(eS4j *.4t-oo(iS.48 197_.679bO_.At666,
46~9 0.4JW100t11S"u j 2' o.fl6n (,4* 4f(.Q000.L.)027t.,.544b3-.AZ932,

470 *''"~O~~.'" '.~I%.A 19 uj~.uiic0~OflQ9o00_l040A5..29(74,

472~
413 %FS.:~'r'~rA.l;~.IMrAN(l .0 .JAX) IS ( -- nIttiilvrel
474 O.ils0'nIN.llO5771.U7'5fA

476 1.Q').311 .",0Oo0-i12S-a9t5'043.ObS42.

4 ? - Q*)iaOuofbi )')1'4...I I 911f 4') 7-9A15 3 2 '* )00 000)0O0lq032-404U.,37I09.

479 -0.14100r). hpj.-" lolI.quoi)-925231* Q.ut000_0000.uuuO.02547.19448)1
490
401 4_Ex~P:constant A.; .4(l'')J a(- ImMOiLIZe:
4b2 0.2',1*165.434.6%3.N4.779
483 I.2fod4434..34#s..2'"734.1 J916, t.t~1$Q4..98)6.,92N62..14Q1U.S44S6,

4:'8
489 8..L:eovstarnt .C.P'fIAA)2S(-
49f" 0.75-45-3t,-OJ4b2S 1.u04Q7-ab2..0494..03173-56N72,
491 Ji.-)j494-uio2.97tDJl-f) i3..96451i, I~tO22boo3i974b?4
49e O.0Oo'vu01012-71'4J..-tVL74..22O1is, 0.(ffl)-00SQ9753.5S723-.lS746*
44) t.~~ 00 ~3.~41.W2 oi.coOOOO3..000026.75000.4979v,
494 Q~nol0')o0.0Uti0)0...173t%..lb4I. 0.000I)O..OOOfO-0000U000lt4-..1170.
495 0f0lfOU.frI&.') b72ol, O.Uoooo00..OOOOo.OQ00.O51OSS)I
496
4 41 d_.lWr:ConStftnt h-Ur-%;-FtUAT(.1..'PAX) 3(- nt.1~
490 0.25, 0.959P4..660t-.UJ237-791)5..6A373,
499 0*4, 74.4~1b~h', -,.jl623..235.,Iv36.)SV62.412O4.
S00 0.00'i5j.34t902..5777-14176-ON67%. -0.000uS.7141).3f329-11416..87631,
%0I g0u.00..i1Ch629..19719 .. 2SI D3.6412fh, -(,.Ju002.OSS2L-Sl6O3..9474S..00220,
502 0*000U0..)1189-39lob7-S9t,4-647b5, -.. 0000-00165.753.75q60.25774,-
SO) O.fl00O0..ao23.b93f719312-85914, .o.00002..O6f3..454641..457..37716)I
504

505

SO a..C(S-P4' : cotistait REAL It PEAL1P.CU8(.)lM
500 S-t.qRAMJfa i con~stant 141Ai. le IFALtA..TAW(wlM)
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54t, 2 - rn%(r't * hui
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794 --

796
797 tunctjlrf N$1A(A:kFAL) return N4AL Is --
7 9t *n raqna llLLlt : -- ?
799 Z:kCAL :x x;
400 oe Iin loop --
tc IIt AN4St) <a 3*11/4 then rettirn SIM.XmAIL(Z)I
802 alsif AfS(Z) <z PI tiien Z 5 1Cr.(Z, P1 -AMS ))
803 else 7 :a Z re, (20P4);
V4 en'i It;

BU5 end loop;
806 end SI:.;
807 -- CoioutAtlo) tie:
f808 - iest; 20 * (A W* r
M09 -- Ave: J) * o.5m (A 4 ")(h~*1
%10 -- morst: L; * L (A + -)[r, * 1)
all
812 -- vIF, a:e 117 (range[o, r/4j):
813 -- 2 j 4 5 6 7
14 -- -loill(err) 2 4.5 11.3 14.3 17.5 2n.7

815
Rib

819 -- C15
920 --

0 21 ...................... C......... .....

022
921 functlon CrSCX:VAL) return PEAL Is --

824 1- pra ,,s l I.. ;
AV) neiin It Amb(X) <z 30P1/4 then returr, CUS.SsALX)y

827 return SI'(PJ/2 - AiS(X));
828 en1 CP s;
829 - Conjtation tJie:
430 'lest:I ' + (A4 4)'n
R31 -- Ave: *4 A u, # (A 4 )(nI)
d32 *- Aorst: + 4 (A + w)(n + 4)
R33
H34 la Iert, oale Ilk (ranieJ, L1/dj)1
0135 n* ii 3 4 5 P) 7
936 -- -loill(err) = 7.5 10.3 13.4 16.3 19.5
837
8b3

840 --

,141 - ~
N42 --
443 .......................................n------------.n..... ........

444
i45 function 'A (A:i"Ah) return R.AL Is --
846 -- rrdJ' IJ.] 4r.; -- ?
447 Z:8*AL : X,;
R4ea oe~iin lood -

84l) If AP(7) <x S*P1/R then return rA-S.KALL(Z)o
R5O elsif A' is(Z) <x 1 tner Z a SZNG(Z, A83(Z) - P);
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i ! ! .. I l l , , , , , ,,

. 7 -- - .: I. - 9 ,'P; J '

-c -- " .: 1 4 ' , $ I)

2.. ,.* s. r .5 12.3 14.1 1 .

. i i t I * t I - ; - - i'

A t : .; - , .V )";

eLS t / 1. '.. TA.. ... ttr

A , :r' . •.t , - , I" I / , P&AI-))IA

d$4 -- .crst: *. A I (A * )(- T)

kP -. 4~rt, i; 17L, (r~n~e9, , tar ri/I.))l:

-- t~ r , 1 4 (' 7 9 10 .11 +I P-

-- -1osI '(err) 1 .' ,,.J 1 ', J1 7 12.1 13.o 15.O 16.5 17.9

P - 1 ' S ,tA e.) - II

8g,1

899 toCtIOn A5sI (u:PI'4L) ret,,r PEAb IS-"-

901 e1 -- iSkert AS(i) += +.0;

902 It A a Y 1 ,,RAN then return OOO. d(Y, PASIN)g

9o3] elsl 4' -(Y) >= 1.0 reic@ return SIGN(Y, PZ/2)u
904 4r1 If;
plu ret,rn & Ier r ;I/1T( (.712 Y1. 1. 1 17.9

906 C.r1 ast % [ , ;
907 - 0 Coutt'.. S tte:

9- I

------------ ----------- -------- m --------.m...... ....... . . .......
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906 R- est: el (A -

909 -- Ave* 1 9 . .
910 -- ,.. %;l -" ( .t -., . lbrt1 * '/J .*.
911 " -.,rst 1 3 f +t- , # n(s irt * )
912
913
914 --- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
915 --
916 --
917 --
918 .......................................................................

919
920 ACOS.Co ,.s r : A
921
922 tunct Io &Cob m:r'A iA I rPr. ,rn kI Ar is --
923 -- prage 3I JIP:
924 Y:kr.Ai. := I' -

925 begi1n -- 4ssert Am: (tI) <= 1.J;
926 it Ab(f) < AC''S..COdS'I rer rerurn TC*(d.0 + Y/J):
927 en it;
92$ return P1/2 - A:it,(,j);
929 en1 ACS:
930 -- Co~j-ztdtlmn ct*lp:
931 -- -est t J 7 A + (A + )(t,C(s4rt) * J)
932 -- Avel 7.467,1 + 2.rt12bA * 1.250 +
933 -- U.75(A + ,M:ntatenj + r(sqrti + nlastnj/J + 4)
934 -- ,irst: J + 4 # (A ' 4)(r[(At-r + n[sqrtl + 5)
935
93b
937 eeee eeeeeeeeeeeee -------- m .....eeeeee ....eeeeeeeeeeeeee.----
938 --
939 -- S.,*
940 --
941
942
943 function SN4(X:FtAL) return PFAI IS
944 Praqma OL1N- I -RE?

945 n :REAL;
946 begin It AvSM <2 6..,i7HPAN then return Oni)l-PULY(X .
947 eni It (
949 C := .r r(2
949 If E a 0.0 tnen return P4Al0(rAL*14AGr)/2s
950 end It;
951 return (-'
952 end S314H
953
954 - lrt, page 10 (rdnqe2 ,0.5)5:
955 - na 0 1 2 3 4 5 b 7
956 -- oqlu(err) a 1.7 4.2 7.0 I.1 13.) lb.? 20.3 23.9
95~7 -- ann*0, 1.012
956 - 3.0 5.2 7.7 10.3 13.t Ioo. 19.1
959
960

961 .................. e.......................... w .........................
962 --
963 -- COSH
964 -"
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965 -

966
967 function COSH(X:HhAL) return kiA. is --

96a -- PraAi fNuANk~; -

969 E RKAL;
970 begin If 4.,S(X <= _-Ci;SH.RA- them return EVEN.POLY(X, P.COSH)i
971 end if;
972 :a EP(X);
973 if t. = ).0 then return ke'Aj, kAb'LARGF)/21
974 eni It ;
975 retorn (F + i.u/.)/2;
976 enJ COS4:
977
976 -- lanqe[0, 1.0)i
979 n = 1 2 3 4 5 6 7
98) -- -=,. In(err) 2.3 4.3 b.7 q.3 li .0 14.8 17.8
98 1
982
983 -------------.....---------------------- .f.-.-.----------- --------------.

984 --

9b T AP. H
98 o --
997-----------------------------------------------------------------------
98$
989 rAHC~h~l':m.AL;
'490

991 functlon TA'I,X: AL.) return PAL Is --

-- rrdam 1Nf,,V., -- ?
993 r;2XPAb;
994 ur;Iln It A (A) oz P..TANHW.Ar4 ther return Ot'0.POLY(X, P.TANH)l
995 elsit AhS(X) >: TANH.COST then return S1I(;(X, 1.0);
99b enl If;

9 8 return (0'A - 1.O)/(P:2X + 1.():
999 eni TA%4;

100'
1001
1002 ............ ft........................................... ............

---------------------------------------------------- ftSSSSSSSSS.........

tIUJ -"

1 )05 --

I 'd f,,r)Cti- ArAr(x: ."i,) return 14'AL j s --

* -- )rA., i I.L J : -- ?
i-,l0 Dejir -- ssert &,-S(Y) ( 1.0;

.Iif AhS(k) < "-.P"A k#4,v tPen return DI0)-.POLY(X. P.ATAIH)l
SeisLt AS(A) >x 10' then return SIGN(X, LN.tAI-.L.ARGE/2)I
e~1 It:

1014 return +;,((I.(' + x)/(t.G - x))/21

I017

1 '1 -- : 1 2 3 4 5 6 7 8
1019 -- o 11,) (crr) 3. ,.1 7.d j 4.1 11.6 13.4 15.3 17.1
1020
1021

A- 18
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1 0 2 2 ---------------------------.-- -----.-- ----.- . .... .... ....

1023
1024 -- ASXNH
1025 --
1026 ---- ...........................................................
1027
1028 function ASINH(X:H tAL) return VLAL is --
1029 -- pregma INLINEi -- ?
1030 begin if ABS(X) <= P.ASINH.RAN then return OD..POLY(0, P-.ASIH)J
1031 elstf ARS(A) >= $(RT.-EAL.LARK/2 then
1032 return SIGN(X, LfJ(A.S(X)) + LN.2)1
1033 end If;
1034 r'turn SI(N(X, LN(ABS(X) + S0kT(1.O + X*X)));
1035 end ASINH:
1036
1037 -- Ranqe[u, 0.375J;
1038 -- n 2 3 4 5 6 7 9 10
1039 -- -loqlO(err) = 5.5 7.1 H.8 10.3 11.1 13.5 15.0 lb.6 1.1
1040
1041
1042 ......................................................- ........ ........

1043 --
1044 -- ACI)SH
1045 --
1046 ------- ..m.-------..........---------------------- ----------- ..........
1047
1048 ACOSH.CUST:RCAL
1049
1050 function ACISH(U:NFAL) return FEA, s --

1051 -- pragma INbLjE; -- ?
1052 f:REAL :a u - 1.0;
1053 oeln -- assert U) >2 L.0;
1054 it U <= 1.0 then return (.0;

1055 elsif Y <= ACUSH.CONST then return SlRT(*(2.(p - Y/))
1056 elslf U >= S T-EAf.IAlG./2 then return L'Y(AKS(L')) + L_2;
1057 en, If;
1053 return L, j(S(UT(Y*(I.O + t0)) t u);
1059 end ACUSH;
1060
1061
1062 TWO.P.FJV const4nt PkAL := 2.5; -- Needed by compier version 11.4.
1063
1064 begin -- lnItlilietion of Packeae tk, ..FUN.
1065
1066
1067 TC.Stjm(P..$N, 3-.Sl, 2, (,);
1068 TCH.SIlm(P.CUS, .C(iS, 2, 0);
1069 rC14.SUv(P.JA%, ".TN, 2. n);

1070 TCH-SUM(P-ASIP, t 4A , 2, 1));
1071 TCH.6U(P.ATA4, t..ATAP4, 2, #));
1072 TCH.SUM(P.-XP, u.FEXP, 1, n);

1073 fCH.UM(P.SItH, -.SINN, 2, ));
1074 TCH.SUM(P.CUSH, .. COSII, 2, O);
1075 TCH.SUM(PofANP, dTAMH, 2, 0);
1076 TCH.Sfm(P.A8INHeMA lkN42, 0))
1077 TCH.$Uk(P.ATlJ',1.ATANl,2, 0);
1076 TCH.SUK(P.-LN, .L, 2, 0);
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108u

1UO2 t or 1 in .. ,1 *Ci..L.)
I 4] 3O0 too,) (I) ;= 2*P-L,-. M ;

10 J4 enij lno
t0)Rj
1085

14) til C . _C1',, -r "wu P:= +< A, ° I;T I .f F, _2 -- 4. "K e A (1 )12 r

I 1)A,)
109o Pit rrA iq7 -(' )"51, ,, O TH => 15I

1091 DiT( , ,' ;T, ,4r => 1 )
1092 P11 I f-- 4_(:i , =>
1U,43 ne..Itne;
1094

1U 5 L.. s "r/,I, ',cU J( 1FAL ( ini ,' i ArItFj))

10- Prncet. o.,R FAL.ARGvEsit 'rcst, 1q5Al ,)*A7 *Gc.

Ing') f ,' - ''l- , w 1 ' '  => 15)1

1101I 105

!lO7 -- ,.Ie .rr ).:. 1,.,trrtrnleial db J21*~

1100 --

I110 - K iCr', ;)'I. I r (I An o' Io t c) . o Af F'un c t Ln is ,
I12 -- r) ti1son- vsI d , 1164r. A121 tRS VI

I11 --

1lL2 -- tsr, r Is , reci ) Jr, "Antroxr.t;jtions tor Muo Iltai C,Jters
1 11 -- ,l dnceio,, niv rsit Press, 1Q5. t'A76 .H37 c.2

1127 --

11 15 -- .s'toi, ,rvt yo,, "A t'Irr rurs - In NuetCal n ysis,

113') --I I I t ;ra AI '

1 11 t, S)v Jr , Avery -.irtly, , "t-not snev wethods in iow"Prical

112"

I I71 -- r ovans iJ, klexey i,1iolaevitc:), "'The Apnll~dtl') Of Ci~ontinllpo

1122 -- dc r Lioris dw. Their (;enpe I it tlons to Prooler.r In
1 1} 21 ),rnxi-,it inn Toer)rv", . or..iof f, 1963. IjA221 .K413

1124 -
11 21, i-Art, , J' ',,, .. , et Fl. ., "Co-r tter Ariproxi lat~lons, 0 John
I Iih -- ley dn i Sc-s , IPoP . Q ?q7 .(.'64

112b -- iop s, Irvinn Allen, "Pomf-tical Analysis tor Con'pu~ter
!124 -- rienc .," '.oft ?-pool n , 1(07$4. GA297 DS59

1 131) -

1 134
1 Pr oce vi r# o , "
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1136 Evne RELb Is digi~ts Si
113 7 tyne 1OV;..FI.OOT is digits 7,
1139 OaCKiqe dElv- [JUN is new ELL VUN(AFtEL, (,fiJ,..F(UT)g
1139 jsE .- L -F1';
1140 beqlin -- TKSf
1141 Pow( TF.S lY ()K
1142 e-ip
1143 enrl Tk'sr;
1144

no parse errors zetecteu
Parsini time: 712 secorvls

no sem-antir errors letectel
Translatifin tine: 123A seconcis

A- 21



APPENDIX B

A Listing of the Programs and Subroutines for

Computing the Chebyshev Coefficients for the Various Elementary Math Functions

These programs art. in FORTRAN but for documentation purposes,

the FLECS listings are first given. The numbers in the right -ind column

of the FORTRAN listings show the line to which it corresponds in the FLECS

listing.



COPY ,OSUBOE

00001 C
00002 C THE PROGRAM TRIGOE CALCULATES THE CHESYSHEV AND POLYNOMIAL
00003 c COEFFICIENTS FOR Obb OR EVEN (MOSTLY TRIG) FUNCTIONS.
0000-4 C ALL COMPUTATIONS ARE IN 1'OUP-LE iRECISION EXCEPT FOR THE
00005 c ERROR TOLERANU WHICH V1; IN[t fjL
0006 C THE ACIUAL -'OMPUIATIONS APE LfRRIED CUT 1N SUbROUTINE POE
00007? C THE MAIN PROGRIAM ONLf ['OP. !HL [NiEKACTIVf D'IALOG TL
000,08 C DJETERMINE WHAT I'l: .0 ',C CCMI-TE. ANUI HOW ACLARATEU(.
000-09 C
000c,10 C THE RANGF OF THE 4*01OfhAl1( N [0I lHE FUNCIION 1.3 FRJM
)001 1 C -At Flj AK . Lr I+* US3EP Jfilt: 3 0I. Ifi LES"' THEN
000l. 11C A DPF.AL ;it v ;S i1:(14I.
00013 C
,,10 14 FPROGRAM TklI)OF I NFUI .OUTF*UT

00015i IMPLICIT 1DuUBL.AFP 1*:'10"1 -AH-'
Ovo 16 COMMO;N Nq AP,. 0

00 .) 1 EXTERNAL FiNI4 .1

CUx FAL 1'J-- i

0001F H* A.

All~ FI o

0062; C F-A

000OS<R --.;t. N

, If 3. 141- .1 *~ >

V -.,.) 4.1, -r j

I N$D~ TO IEto I

00V' 10 FOR~M- f

*rpJ.~c PRINT ,*A .

C 44

00 4, .~ .~Q . '

o004Y J IP4

CAtI i ' ;, 4,

I " (J 1, i IJ



O00.051 ( 1 .£O. IONCOSH

Oc(6 .? IF IP, ,LE, '. A :,' AI' .j2 O

O0OOO . . . CALL FOEF ::g, H.-

00061 ...F IN

00'62 1 .tO. I A0AG

(000 X C IF (AK, . . '..lV , . '

00o4 C CALL FOE :F:lJA,, ,

0O.' £ . . FIN

v,.',vo . *FrJ. : i,),. • ,;

*V.. .. F .~A.P f

k.. . A ? ;N i . , -0,

. K 4 L 0 l ,

,),"' * . . LA¢I FULIs F IA Ni, *,A,'d

4L I A' N.AA

O,) j " , . .... *

L V .... t.

...... .' I~. . . Hk,'. t

v ;,L,. .pE. ., N ,',N

.i,.*, ,,,

, , . , . .~: tJ ' I 1

H- f, f i AN ' ."

.... .. o ,.

," 4" ,, * . . ,.. "'.. ''L .NE 1 '-4,

.....,.,. . * :,:; .. N :)A ,T H .C V b

,,,':* . ,. . . . t 4[S 't3

.. ., ' I vi *t * N t, I * ' ii .i,, I -', f

*'.**, 't . , ' 2 ' ' ,'l I (N , , I t I ll 4



00~114 C
00115 c AS 1 I 4 k6Ar Of C Off I O FOE % N f H OL'NOR I AL
00116 c WALArluft ul SS3 LCibuli. :01 hCO(F
00117 L
00118 c 1,41 OJtL LUOOCItjft A !Nq ,4-%6.1 AT"N' 44L L0j"t1D

00 t j L I i, V'.t h UP)fL ' 'J#O'* .t Ih I- S. A14 l 'i A51""' It WN1

1 *.. 4 Ap. I . ,& v"kJ*.. 0 ?1 At

14 In N p*

fI& 4e I

.j;,pf I~



- ft., *-* *~ .,.. :
A. I. *.

,,e. 4~.

*0**

4 6~ *'.

* .4 .. -

-- 'S I.................- , . I- *

I.

*1 *S I

* . .. ,, *. ~ *

.4



4

i.

4

A

it 4I44~

g .. 4' .4

I,

~~

1~

9 4

~t

44

4*

4'

4-

a.-,

e~4

' ;

4'

--. 4.

* *0

-''-4

p.-.-,'

* -*p< '"*'4

* - -- '4

t4Ct '0

(4

C'-..



t
t
tv~1 - A

lye 1 -

. B, -

-- . . -- -t

icr
r



AL ._ h9 L' IA' ;1 N' 00182

UL I,',- -i,N 0C,1d4

00184
N0 0184

,a I A.i 1 ;1 06186
F 4IN r. ri- 1,18

. , " 'At. , A ,, C''1, 1.
'144 00191
.A - AH- 4t. 00292

,, 1 ..4

-: ' '':'('019?
- - II- Cu0"19::

• " -~ A . . . . _, T 4-9S,', ,r

<'CE

- ~' 02 ]

4; z'' : • ,'',":

- rr •'ie8- ER u? 8 20

* ' ' ": ' Ic %i ''-0021)

- " (. IS 0t7)2,8
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COPY, OSU[OTH

00001 C
00002
00003 C PROGRAM BOTH CALCULATES CHEBYSHEV AND POLYNOMIAL APPROXIMATIONS
00004 C )HAT USE BOTH 011 AN[ EVEN TERMS IN THEIR APPROXIMATIONS OF A

u0005 C FUNCTION 40F, LOG, SORT). ALL COMPUTATIONS ARE IN DOUBLE

00006 C Pb'ECISION EXCEPT FOF THE EFRUP TOLEFANCE WHICH IS IN SINGLE.
00007 C IHE ACTUAL COMPUTATIONW ARE LARIED OUT IN THE SUBROUTINE PDOTH,
'J0008 L THE MAIN PROGRAM IN1 Lll0jEc hij ,tTF'AiCTIVE DIALOG TO [UETERMINE
ovO09 C WHAT IS 10 BE (OMFUTEL, AND HOW ACLURATELf.
00010 k
O0011 C THE RANGE OF rt A F UIAfi:.N Ti (HE FUfCTION fS FROM AL TO Af
*0012 C THERE ARE NO DEFAULT VALJES ,-_R AL OF AK,
00013 C

00 14 FROGRAPM KOTHIN'UI,'IATFUI.'
C'O01 IMPLICIT IOUBLE r'kECIS1ON A-hi-Zi
0001., COMMCN N, A., 1- AL

0001 C0Mt.0N.'SON PBT .'FI, A* N.

v 0,018, EXIERN"AL t '61, AiL( ,
00019 A iT 1, y-'
000 0 FSC0 I ,, ,

OOO2L x F12'l f.I

','23 ,?E)IXf,

0',0'4 FAASNI, , 4.r ,

602 3' . I 41 I5 2.3V S 8'7 .L 46 64 33 8

., , I WH L P I.' .

03 RlriN *, ' FUNCI 'N
, , R EAr, 4, 1

, K,] FkoNT t(, I

..,,.,) '. Ff'[ 4t' . A ' , :- ,

* ,'6Ir~b *, al '

.,. KA 1 4. '~ :f.

'EA - AL

' ' ' E ,'IN1

* U"A ' ,EU. " . ;, , ",7 t:,'liHi%.T0b:lY, F w.

'."'243 . 1 ,[i). 1'44-Wfl ' - ,7 F TW ' "WL'
'.044 1 10. --., F ' 13

,'£0 ''} . k' ,HA ' A:LUA I. [i"Uii '. '{ : . '

0<,4 ,tO, l,,H~flbI 'A., Piit4 '-uF, ,* ,'£,'

,*i)04'V . I ,EO, IOHSU A, ,2.. H-.:flI4H, "'' , * A

O00tO O THERWISE ) Ft 1 1- , * 'LI [ fist 2 4 :l;
I1, N.'()04. .) 5 A A H-'1 1

60 ,r ' LN!,

'I ECS VESUN ,'.,N
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:11;1. 1,1 )N I K I Ht~i 1i I, T HE .HIEBYSHEV AND POLYNOMIAL

i- Hi IN I I (N o [L J1*fUlKIMA1II ( IE EXFP SDRTr ETC)
-I V (At + AL + U AI, LiC [HF. TA))/2)*COS(N*THETA)

II ri NI " - bI. IV[ P HEJA IkLIM f*) 10 I(VE rHE
rHK 1) UE I I I I-NJ I A iA AND N A14F. 'VAtLAEILF THRU

D THE IA 1? Cg~f Itu 1 4k!iFi CONVIERTING CHEiBYSHEV
:1 r '.I' Ili Ii 'It.WMI AL CIL-F lk;1f.T1 THESE ARE CALCULATEDf

V H.

t' iH ~FA 'lFf COEFFICIENTS FOR FUNd IOQN SSSS.

AS I- IH[ . L+ i0E F1FILTNTS FOR fHE POLYNOMIAL AFPROXIMA1 ION
-,C'JMPiJTi:l IN ALOEI-

- HE 6UL IUMIAI. AFFU IO N IS VERIFIED B~Y GENERATING THE
'4 L I-iL P I'E fFiR CURVE OVER THU IN7ERVAL AL 10 AK.

(I-I' L1II D'OUB~LE PPECISIIJNIA-141P-Z)

* ~E01L'IVALI N NE"1 IC( Ii 1)

c) -D0 8. bilENSION AS(.) 25 ,,I 2.
C,', cJ83 ELIL.1Y'ALENCE (S(IA1

IIENSION cs:SLSO(23) C5S27
OO')S6 L 411'YALENCE SS1),SSIi

C0089 INTEGER 13
0-09' L
000YI VATA 0I/0/f ZEF'O0'.0110/
0 00', ? 2 DATA CSSSS/25*C,0uD/
0.0 , 119 1 DATA AL25*0. 0II/
()0o?4 DATIA ICNE/'0*100)/, IC/625*1000/
0005 [1AIA I?/1OH
() ) (9 DATA F1. .1926535 K?;'9.3 23846 26433 83279D01
00.)y I
00096 PINT *v ' LIUAD E!Rr TOL
00099 READ *f OE
00100 PRINT *. E
00101 PRINT *'' FUNCT ERR TOL
00102 READ *, EF
00103 PRINT *9 OEF

00104 C
00105 N =-1.
00106 REPEAT WHILE (DABS(CSSSS(N)).GT.OEF)
00107 N NN+ 1
00108 .CSSSS(N) = 2*ROMEER(ZEROP PIP FSSSST, OE)/PI
0010y IF (N.EG.O) CSSqS(N) =CSS(N)/2
00110 *PRINT 59 Nv CSSSS(N)
00111 5 ,FORMAT(15, F35.251
00112 ... FIN
00113 C

B- 9



00114 N N -I

00115 SUM = DABS(CSSSS(O))
00116 DO (J=1,N) SUM = SUM + 1ABS(CSSSS(J))
00117 PRINT *P NP, SUMABS(SSSS) SUM
00118 SUM =(CSSSS(D))
00119 DO (J=19N) SUM =SUM + (CSSSS(J))
00120 PRINT *9 NP ' SUM(SSSS) = * SUM
00191 OEK DARS(SSSS(AK) - SUM)
00122 C
00123 CALL TCH(ICP N)
00124 C
0012', YBAR =(AN + AL)/2
00126 CALI ACOfEF(ASP CSSSSP iCt (AK At.)/2, N)
00127 C
00128 OES DABSSSiS(XbAk) - AS(Dfl
001219 C
00130 DE AMAXI(DESP OEN)
00131 PRINT *P Np DES, DEN,
00132 PRINT *y AN = , AK9
00133 PRINT *p ' AL , ' AL
00134 C
00135 JMAX =5
00136 DELTAX (AK - AL)/249.9
00137 X =AL
00138 WHILE (X *LT. AK)
00139 OEMAXS 0
0-0140 OEMINS 0
00141 DO (J=19JMAX)
00142 x = X + tELTAX
00143 kSSSS PDLffX - XE4ARP ASP N)
00144 E~sss = ssss(x)
00145 C *FPINT *t FP5555, ESSSS
0'0146* OEPRS = F723SS - F5SSS)/ESSSS

*0014" IF JfTNFS.GT,(IEMAXS) DEMAXS =OERRS
00148 *.IF (OERR'i.LT.OEM1NS, OEMINS =OERRS
00 14Y ...FIN
00150 C PRINI *, GEMINSY OEMAXSP OEMINCP DEMAXC
,)*0151 C
00152 C GRAPHICAL OUT FU1 OF ERROR CURVE
00153 C
,)011)4 *NS 3C'*GEMINS/OE
0015 1 NL =30*OEMAXS.'OE - NS
30t5 , Ns = 6 +NS
-)0157 F RINT 10, (Ili J=1,NS~t 15, (I?, J=1,NL)o IS
, 0 1' iC 1 HJRMAT lx, 1370A1)

CIO~' I .FIN
R~E TURN
ENIP

001 6 1, FUNrTION TWO(X)
.0164 IMPLICIT fiOUBLE PRECISIOir(A-HYP-Z)

'01 61S C(JMMN/lCJNSTSiPT, ALN2
00166 TWO : 'EXP(X*ALfJ21
09167 C PRINT*P , ~' * W0(X) r ' TWO

()(,LAP RETU IRN
0 169 END' B-10



(FLECS VERSION 22.51)

00170 C
00171 FUNCTION FTWOT(THETA)
00172 IMPLICIT DOUBLE FRECISION(A-HF'-Z)
00173 COMMON N, A, I, AL
00174 COST DCOS(THETA)
00175 COSNT DCDS(N*THIKTA)
00176 FTWOI TWO((AK + AL + (Ah - AL)*CDST)/2)*CGSNT
00177 REidRN
00178 END

(FLECS VERSION 22,51)

00179 C
00180 Filrh:tI ION FCkRTTTHETA)
00181 [MFLICII VOUPLE PREiSiU;4A-H,P-Z)
00182 r[ OMON N, A), I, At
00183 EXvI.'WAl CER

00184 CO.,T :L.'9" HEIA)

1)018J 1,iHi N f iI V t rj 1 W 1
00136 F! f' , , :PR. -i C(Ai' - AL) COST)12) *COSNT
0018 L TURo

+ELS ''9.ON '2. 51.,

00189 .
Kileo rI IJL I l C F' ; , )

00191 lt'[CI rVIJt L I' RECISION(A-H,P-2)
0(1 0- , P ' -K

1) 0 1 4 -- if.~CL jj'JI TJI ,11 :,N '-j.') 1 Y4 fits' -- uJl Ngt Ll ' , ,( I 0(-., I,,.'; ' ) X)
'J) YI. I-l.:IN)l ;. "X .K * i'l( C ', CBf T

,] 1, F1 T Wii, N
")019/ f NO

' C _C. 'JfR RSiL N 2.' 1 ,1

EOI, 0 1 jt'. I C,'.,' , WO1I0 -..

B-Il



COPY 'COtiPIL
PROGRAMi BOTH( INPUT 'OUTPUT) 00014
IMPLICIT DOUBLE PRECISION (A-HtP-Z) 00015
COMMON Ni At It AL 00016
COMMON/CONSTS/PIt ALN2? 00017
EXTERNAL FLOGTv ALOGp 00018
X FCBRTt, CBI 00019

X FSOAcrv SQAC. 00020o
x FIWOTw TWO* 000-1
X FEXPTt EXPv 00022
X FEXIXTY EXIXv 00023
X FAASNT, ASINY 00024
x FSOACT, SOAC, 00025
x FSORTTt SORT 0001'6
PI 3-141t9 26535 897Y3 23846 26433 83279110 0002-7
ALN2 z VLQ0G'.00> o02

99999 IF(.NOT.(.TRUE) GO T0 99998 00030
PRINT *t FUNCTION = r00031
READ' *? 1 00032
PRINT 10p 1 00033

10 FORMAT(X.A10) 000,14
PRINT *f ' AK =O *t.035
READ #9 AN ('0 036
PRINT *r AN 000 3,
PRINT *i ' AL = 00038
READ' t. At ~L
VP1NT *w A~L
IF'..NOT.(I E.EQ lOHCBRT ))GO TO 99996
CALL F'BOTH(FCPRTTv CF'RT)(j04
GO 10 9999, tmoo 43.

99996 IF(.NOT.tl .EU, 1ONTUG '0 GO To 99995 -J043
fTALL VROlH(FTWQTp TWO) ,t4
CO f 1,799p/ k.t 4

99995 IF' .N1.(1 *E0. 1OHEXIX H) GG TO 99994 04
CALL FiP0TfH(FEXlX1. FXIX) lv%)'O44
60 To 9999700 ,

99994 IF .NUT.KIl *EO. lOHLOG 6b 0 TO 999
CALL PBOTH(FLOGTv ALOG) -C4
CIO To 99997 o

9993 lFf.t0T,(I EO. loHASASIN GO T0 99992
CALt FIOTH(FAASNT, ASIN) c

49997 T- .NOT.41 .0 I('1XP GO 6 fo 99991
iAL.L fi$O'H(FLXFrv Ei'' -1

Y 991 1i. .NO iI L. 1 ON 0$*1 )1 GO TO 99990 8

GO TO 9V997 ~V2
99990 doN~K i. low.. 6 0 IL 19989 00 v 4V

'ALL fbd1H(iSOtACTv SOAU,00)
(3d "a 9Y/? 00

'4998Y If-Ir4T tv , ILl ;6 , Al'AiNs , (v'
99997 Go to 99'Q99
9Y99$ INli 0 '0V5 J

"llp.ROOrINE F'Io1H(Usss5T# SSSS . v0v "t,

CO~MMON Nt 4N. It AL
LI M FN SI1N I , 2' w 5). 1C N E 6 51
f ) 1V A VF F I I N 1) .I * IC 11 1 )(000
IIEN51ON ASQK2S. ASO(2: o0o"32
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DIMIENSION CSSSSO(3)y CSSSS('25) 00085
EQUIVALENCE (CSSSS0k3)vCSSEE: ,i A 00086
EXTERNAL SSSSP FSSSSI 00088
INTEGER 0 00089
DAT  0/0/9 ZERO/0.00/ 00091
DATA CSSSSI2540.0OD0/ 00 0i9 2
DIATA AS/25*0OD0/00Q
DATA ICNEG/J0*1000/o I C,'2'j*I 12 )(10/

DATA IB/1'OH
PA] A F-1/3. 14Uj9 2653') $9793 ."384t, :i4. 32,;VDOI
PRINT $9 1 QUAL' ERR TcL

REAP t, OE 9,
PRINT It. oF I
PRINI 4.*itNCI -if TO[

READ 4. EF
PRINT *9 C-

60 TO '19998
Q Qw 1 iF oru , DAPS -S S' kN~ ., .EF 6U I6 v.9997

9(~yyb Nf 7 N f c

IF (N. LUO '~c N, £Sc F P -

PRIN)t v Nv C 'N' i
) F ORMAT. i'-. - 3..

G0 TO 99?91

9 9 97 N -- N -- I <

SUM SUM + [AP' ,SSS j)1

99996 CONTINUEi
PRINT '3..^ B. ;: SS S -U

cU S ,, 'SS 0
,t7j 99' J-i PN

SUiM 3(Jm + cScKl
?' CONTINUE K

PRINT *p N, lr 1 c.5. L

,AL L T C. Ic * 1 C

CALL tWOEF A'' ;it c A AL d? ,J

OF', DAP k135 4AR AS0"A
OF AMAY'I(OP". 'IFK'

F'; N! * N. Fi-S, ?Ft.

&11N P .A' L 0 A

9 Y? 4 IF .NeT. A . T . At h 0i Y, ~9

LiO Y990." J= I'1m~ YJ'l

P55 OIu X 4fAPq WS

IF' iiERRS,GT, .0EMAX.K I)EMAAS NI r

QQ992? IONT TNiF
N r*OFMINS,0(f

Nt ,)ti 10 1 jmo, I i f iN-

cpyD' lli 0oi~ lopioduCtion



Jl.iN l', , . : , ., IS, I, J .,I ) IS 00157
.t ,h lT .1, j;i 00158

6 11 ,- -1 00159
14 1 00160
I t 00161
UIJ 'IN W 00163

1 ' L f i E JJ'IN,I-H,F- 00164
C'MiO~C'Ai IP1 '1N!00 1 65

T "WO ' %I" r. 00166
Rt tI.Ikt. 00168
-I,, 00169
I I i- I it It:F 1 [ 1414[1UN -H,f"- 00171

, * A. I AL 00173
. ,I E'&uS Ih* T00174

IittJi [ - t ] A) 00175
!U01t I'[ , 1 )t i L. + '4 AL.,*COST /2?) COSNT 00176

WL li)kN 00177
END 00178
FI1011, 1 1 ONW I E hPl If fHFIA, 00180
IWF'I Ii IluIMI 7PfES1ON'-H.- 00181

EATEItNAL (.PT 00183
u3l LT - V W.PIL' 00184
C 0 , 11LJS (N* IHE I ' 00185

It, 4 KT,0A + AL + (A. -- AL)*C0S1)/2)%C0SNT 00 1b,'i
RE T :JRN 001617
EN91 00188

FU(lL iut\ 1114 t ' l 00190
IM , 1 ooL'IJrel F P. CISIONtA-HfF-Z) 001,i
Cl-. - , 00192

'. ., J0. RIETUNN 00193
UT:B' SCWLEF(LJ< ()/) X) 00194

RE TUFN 00196
END 0019

VI F i .. I RFCS. 1413 WORDS,

B- 4



/COPY,OSUBLIB

00001 C

000102 c
00CI,3 1, THIS FUNCTION DOES ROMBERG DUADRATURE ON THE FUNCTION F

00004 C F FROl THE LOWER LIMIT A TO THE UPPER LIM17 So AND TO THE
00005 C * REQUESTED ACCURACY DE,
00006 C * THIS VERSION DOES NOT USE THE END POINTS.
00007 C

FUNCTION ROMBRG(A, 1 , F, 0E)
0000? IMFLICIT DOUBLE FRECISION(A-4,P-Z)
00010 C DIMENSION 011(20)
00011 INTEGER FOUF(21), 0
00012 DIMENSION (201, Q10(2)
00013 EQUIVAL.ENCE (0O0(2t(,))
00014 C

00015 PATA 0/0/, LIAX,!/, FOUR(l)/4/
00016 C
00017 1)(O' - 0
00018 H = l - A):2
0001? IMAX = 1
00020 C
00021 PO (L=1,?0)
0002 IF (L.GL.LMAX)

O2,: .LMAK = L + i
00024 . FOUR(L+I) z 4*FOUR'L)
00025 ...FIN
00026 C
0002: . SUM 0
000-)10 DO ,1:1, IAX)
00029 V *(21 - IMAX - I.ODO)/IMAX

00030 * U V( - V*V)/2

0o031 UP 1.50,,*(l - V*V)
00032 y A 4 (U + It*H
000331. SUM - %0m + F(X)*UF'
0o034 .F I
0005,15 SUM SUM + IMAXtO'L-I)
,)0016 [MA0: 2*)1MAX
441)037 TP)4L SUM,,'IAXK

)00039 p

:;004': t 1 . -

0,4 . ) FQUR(M)*Of(tI) - Q(t)/(FOUR(M) - 1)
h0042 ..' IN

'j 944 IV 'I .' .
0045 , FOMPRG, - - A)Q(O)

004/ : * DO 't-1,L, Ui) ((1 - '(K))( - A)
000)48 C , R'RINI#, ROMBRG, (f)E'(h), KzltL)
.'10049 C

, ODO t|ABS' (0() - cR(Iii*(p - A))
' IF (.O[.LE.(KJ RETURN

0 . IN

I ', W .Fit)

RE TL N
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00056 END

(FLECS VERSION 22.51)

00057 C
0005 C
00059 C $ THIS FUNCTION DOES ROMBERG QUADRATURE ON THE FUNCTION F
00060 C & FROM THE LOWER LIMIT A TO THE UPPER LIMIT b, AND TO THE
00061 C t REQUESTED ACCURACY OE.
00062 C
00063 FUNCTION ROMBER(Av bt F, OE)
00064 IMPLICIT DOUBLE PRECISION(A-HPP-Z)
00065 C DIMENSION 00(20)
00066 INTEGER FOUR(21), 0
00067 DIMENSION 0(20), 00(2)
00068 EQUIVALENCE (00(2)oQ(l))
00069 C
00070 11ATA 0/0/, LMAX/1/, FOUR(1)/4/
00071 C
00072 0(0) = (F(A) + F(b))/2
00073 H = b A
00074 IMAX = I
00075 C
0007c DO (L I,20)
v007: , IF (L.GE.LMAX)
00076 LAX = L + 1
0007r . FOUR(LII) = 4$FOUR(L)
O000e ... .FN
'00081 C
C11,08: H = Li/Z

0008: SUM - 0

00084 DO (I-IIMAX) SUM = SUM + F(A + HS(2tI - 1))
00081 . SU14 SUM + IMAX$OML-I)

00086 . MAX 2$IMAX
00087 Q(L) SUM/IMAX

0008Y DO(M:IL'.
00090 K = L M
00091 G . (K) = (FOUR(M)$0(K+) - Q(K))/(FOUR(M) - 1)
00042 . . .FIN

00093 C
00014 ROMBER (b - A)$0(0)

0009 C DO (=1,L OD() z (0(0) - O(K))*(B - A)
F'RIN~t, ROMbERP (O(N), K=IiL)

O10 = DABS((Q(O) - 0(1))*(B - A))
0(- i~oIF (ODQ.LE.OE) RETURN

)010- .."IN

00103 RETURN
00104 END

(FLECS VERSION 22.51)

0010'i C
00106 C B-16



00107 FUNCTION SIN(X)
00108 [IPLICIT DOUBLE PRECISION(A-HP-Z)
00109 SIN = DSIN(X)
00110 C PRINTS, ' X :e. As ' SIN(Xi ='t SIN

00111 RETURN
00112 END

(FLECS VERSION 22.51)

00113 C
00114 FUNCTION TAN(X)
00115 IMPLICIT DOUBLE kR'LCISION(A-HF-Z)
00116 TAN = bSINiX)/[COS(X)

00117 C FAINTS, t I :, xp ' TCNO) = TAN
00118 RETUFN

00119 ENE

JFLECS VE SIbN 22.51)

00120 C
00121 FUNCTION ASINi%'

00122 IMPLICIT DOUBLE F FECISION(A-HF'-Z)

00123 ASIN [ ATAN(X/I,SORT(I-XlX))

00124 C F'INTs, ' X :', t, ' ASIN(Xz =', ASIN
00125 RLIUkN

00126 ENL'

(FLECS VERSION '2.#I1

00127 C

00128 FUNCTION ACS(X)

00129 IMPLICIT DOUBLE PRECISION(A-HP-Z)

00130 ACOS -- EATANd'SQRT(t-XsX)/X)

00131 C PRINTS, ' x = X, , ' ACOS(X) z't ACOS

00132 RETURN

00133 END

(FLECS VERSION 22.J;)

00134 C

00135 FUNCTION EXF(X)
00136 IMPLICIT DOUBLE PRECISION(A-HP-Z)

00137 [ [EXP(X)

00138 C PRINTS? ' X ='r X, ' LXP(X) =', EXP
00139 RETURN

00140 END

(FLECS VERSION 22.51)

00141 C
00142 FUNCTION SUR1(X)
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00 143 1MPLICl' F)OU&Lt PkECISl~klA-HrF-2)
00144 k!zDR(A
00145 c PRILNT81 X x' At , *soklhA - So~l
00146 Wukm~
00 14' ENE)

P L CS VffS ION ~~I

002148 L
00149 FLJNCTI~JN ATANWx

001')2 C R:NTS.* ' X 't At TAtA ', A

001!3 kETUAN

0011)4 E

FLECS '4FbIOh2.N 1

00 15 C
00156 f UtvWUN AL Of,
00157 1? iLIC1T IUbu F kUI'IN(A-HoF

00159 NS ' ~ b k* A -

00160

Oole,4 lm 11.1T ~ i i,-f
C) 0 165 [(f flcr a

Q0166 r. :A 7. 1. U (S

F ri fi Cl* ~~-.-

00176 RTi
001P1 END~

-0's JEK IU(N )I



* ~ ~ N , At I uA,),"

MI, 1,T bi~uL PkiECtSIQN(A-HP-Z)

u, L ~kON , .'l

:... tr , JQ N

' Lull sD.u .H TAIt

'N f..'. : .., '

164

,., . ,S . M
,,)b." .O . ,Q , UM y

* ,-)-;. ,. -

',r! 19 ~ ~ ' ' I -'iIN f_ , N

'.-N ?~

SV4). . I

I y22.-

0022? F ,

00224 dU, - 1
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~ ~~~~P4(K2 J)t' I( . J

.0 N

*A N

* L '~. r4f'A'

t4A IN 4N. a~ VS ~T 'C S~

47 7A)

fATAI hNT(ILA

0)163 !Mi -ILIT VOUJ3T );AI'.3)UOS--H#F S'T)

00264 EXUERN~t ASIN
OW&I~ COMMO0N NP 0I

0.1A' I COW I IC0S(NSTHE, A,

9026 FA")INI COSNI

'A210 FA'IT - AsIN(AtNCOST)A*~tUCONT/COSTI
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00271 RETURN

OA~272 END

(FLECS VERSION 22.51)

--------------------------------

00273 C
00274 FUNCTION FACOST(THETA)
00275 IMPLICIT DOUBLE PRECISIOH(A-NPP-Z)
00276 EXTERNAL ACOS
00277 COMMON Np AK
00278 COST DCOS(THETA)
00279 COSNT =DCOS(NSTHETA)
00280 FACOST =ACOS(AK*COST)SCOSNT
00291 RETURN
00292 END

(FLECS VERSION 22.51)

-------------------------------

00283 C
00284 FUNCTION RASIN(X)
00285 IMPLICIT DOUBLE PRECISION(A-14,P-Z)
00286 EXTERNAL ASIN
00287 RASIN = /ASIN(X)
00298 C PRINTS, ' X =,t Xp . RASIN(X) =', RASIN
00289 RETURN
00290 END

(FLECS VERSION 22.51)

-------------------------------

00291 C
00292 FUNCTION FRASINT(THETA)
00293 IMPLICIT DOUBLE PRECISION(A-HPP-Z)
00294 EXTERNAL RABIN
00295 COMMON N, AK
00296 COST =DCOS(THETA)
00297 COSNY DCOS(NSTHETA)
00298 FRASINT = CDSNT
00299 IF (COSTEQ.0) RETURN
00300 FRASINT = COSTSRASIN(AKSCOST)*AKSCOBNT
00301 RETURN
00302 END

(FLECS VERSION 22.51)

-------------------------------

00303 C
00304 FUNCTION FALNT(TNETA)
00305 IMPLICIT DOUBLE PRECISION(A-NPZ)
00306 EXTERNAL AIN
00307 COMMON Ni AK
00308 COST a DCOS(THETA)
00309 COSNT = DCOS(NSTHETA)
00310 FALNT = COSHT
.00311 IF (COST.EQO) RETURN B-21



00312 FALNT = (ALN(M(*COST)/AK)*(COSNT/COST)
00313 RETURN
00314 END

(FLECS VERSION 22.51)

00315 C
00316 FUNCTION ALN(Z)
00317 IMPLICIT DOUBLE PRECISION(A-HrPF-Z)
00318 ALN = DLOG((Z + 1)/(l - ZW2
00319 C PRINT*, ' Z =', Z, a ALN(Z) =a, ALN
00320 RETURN
00321 END

(FLECS VERSION ,2,51)

00322 C
00323 FUNCTION FLOGI(IHL1tA)
00324 IMPLICIT DOULE PRECi'UON (A-HP-Z)
00325 COMMON N, AK, i, AL
00326 COST DCOS(THETAi)
00327 LOSN) ICfJ(N*THErA)
00378 FLOGT DLOG((AI. + AL + (A - AL.*COST);2)*COSNT

00329 RETURN
003) EN1!

kFLECS ERION 22,51)

)0331 C
00332 FUNCTION FSORTHT(lHETA)
00333 IMPLICIT DOUBLE PRECTc'ION (A-HP-Z)
00334 COMMON 0, AlV', I, AL
o033'.. COST .'CY- D (THETAI)
00336 COSNf • Dfj:,OHEIA)
00337 FSORYT :- lSO RT(AI\ " i (AN - AL) *COST)/2)*COSNT
00338 RETURN
00339 EN

F i 7 Ri{ .E ION 22.jI

0c340 C
00A41 IINL IIN FXF'T( |HI I A)
0342 IMfLIC1I 1DOUBLL IRECISION (A-HP-Z)
0034., COMMON N, At', I At
00344 COST -:1CVS.IHf IA
00345 COSNT .PCOSN4THEIA'
00346 FEXPT = DEXP((AK + AL 4 A - AL)*COST)/2)*COSNT
00347 RETURN
00348 END

FLECS VERSION 22.51)

B-22



00349 C
00350 FUNCTION FAASNT(THETA)
00351 IMPLICIT DOUBLE PRECISION(A-HP-Z)
00352 EXTERNAL ASIN
00353 COMMON N, A)( I, AL
00354 COST DCOS(THETA)
00355 COSNT DCOS'NSTHETA)
00356 FAASNT = ASIN((At + AL + (A - AL)*COST)/2)$COSNT
00357 RETURN
00358 ENE

(FLECS VERSION 22.51)

00359 C
00360 FUNCTION EX1X(X)
00361 IMPLICIT DOUBLE PRECISION (A-HP-Z)
00362 EXIX = 1
00363 IF (X.NE.0) EXIX = DEXP(X) - I)/X
00364 C PRINTS, I X =, , I EXIX(X) =It EXIX
00365 RETURN

0036t END

(FLECS VERSION :2.51o

00367 C
00368 FUNCTION F EXIXI THETA)
00369 IMPLICIT DOUBLE PRECISION (A-HP-Z)
00370 COMMON No AK, I? AL
00371 COSI = DCOS(THETA)
00372 COSNI DCOS(N*THE.TA)
00373 FEXIXT = EXlX((AK + AL + (AK - AL)SCOST)/2)*COSNT
00374 RETURN
00375 END

(FLECS VERSION 22.51)

00376 C
00377 FUNCTION SOAC(Y)

00378 C NOTE . . THIS FUNCTION COMPUTES 1/2 OF ACOS(I-Y)$*2'Y
00379 IMPLICIT DOUBLE PRECISION(A-HP-Z)
00380 C EXTERNAL ACOS
00381 SOAC = t
00382 IF (Y.EO,0) RETURN
00383 C SQAC = ACOS(l - Y)**2/(2*Y)
00384 SOAC = DATAN(bSQRT(Y*(2 - Y))/(l - Y))$$2/(2*1)
00385 C PRINT*, 'Y 2 I, Y, I SOAC(Y) = *9 SOAC
00386 RETURN
00387 END

(FLECS VERSION 22.51)

00388 C
B-23



00389 FUNCTION FSOACT(THETA)
00390 IMPLICIT DOUBLE PRECISION(A-H,F-Z)
00391 COMMON No Ako It AL
00392 COST DCOS(THETA)
00393 COSN DCOS(NSTHETA)
00394 FSQACT = SQAC(IAK + AL + (AK - AL)*COST)/2)$COSNT
00395 RETURN
00396 END

(FLECS VERSION 22.51)

00397 C
00398 FUNCTION SINH(X)

00399 IMPLICIT DOUBLE PRECISION(A-HP-Z)
00400 E = DEXP(X)
00401 SINH m (E - 1/E)/2I
00402 C PRINTS, ' X , X, ' SINH(X, %, SINN
00403 RETURN
00404 END

(FLECS VERSION 22.51)

00405 C
00406 FUNCTION COSH(X'
00407 IMPLICIT DOUBL.E FRECISION(A-HP-Z)
00408 E = IEXP(X)
00409 COSH = kE + I/E),'
00410 P PRINTS * X X, ' COSHWX) , COSH
00411 RE!IJRN
00412 ENL,

(FLECS VER'SON 22.'I1)

00413 C
00414 FUNCTION FSINHT THETA,
00415 IMPLICIT DOUBLE PRECI'3ION(A-HP-Z)
00416 EXTERNAL SIN
00417 COMMON No A"
00418 CO r ICOSTHETA)
00419 COSN = DCIS)N*THETA)
00420 FSINHT = LOsOT
00421 IF (COST.FO.O) ET!JRN
00422 FStNHT = ;I]NH(A(tLJS.),AK)&* OSN/COST)
00423 RETURN
00424 END

iFLECS VERSION 22.51-

00425 C
00426 FUINcTION F'"CSHT'THETA)
00427 IMPLICIT [)IJBLt PRfCCSION(A--H,F'--Z)
00428 EXTERNAL COSH
00429 COMPON Nv At B-24



00430 COST = DCOS(THETA)
00431 COSNT = DCOS(NSTHETA)
00432 FCOSHT = COSH(AK*COST)SCOSNT
00433 RETURN
00434 END

(FLECS VERSION 22.51)

00435 C
00436 FUNCTION ASINH(X)
00437 IMPLICIT DOUBLE PRECISION(A-HP-Z)
00438 EXTERNAL ATANI
00439 ASINH = 0.00O
00440 IF (X ,EQ. 0) RETURN
00441 ASINH = ATANH:X/DSORT:1 f X*X))
00442 C PRTNTk, ' X z', X, ' ASINH(X) =', ASINH

00443 RETURN
00444 END

(FLECS VERSION 22.51)

00445 C
0u446 FUN CT .Oh FAS I ,H II-, THETA)
00447 IMPLICIT DCUJL.-V FRECISION(A H,'- Z)
00448 EXTERNAL ASINH
00449 COMMON NY AK
00450 COS[ OCOS(THEIA,
00451 COSNT r,!COW 1!N*T!-It-H .')
00452 FAE,,S:NHT = LOSNf
00453 IF .COST EG i), i. rUJR.
00454 FASINH f (ASlr~t4 .txt!L0T 'AK * C2$: I :OST.)
00455 REi URN
0045c END

(FLECS 'Ek';I0N 22.51)

00457 C
00458 FUNCG, ION ACOS!i:
0)0459 IMF' P ! ',i . -'-i~iF' t' 'T r 1.j, 'S -L,, 10., N....

03160 EXTEF'*.AL ATANH
q04,41 ACOSH =ATANH(DSDcRT(X*x--1>
03462 C PRINT*, " X °, . * ALJH\) =-, ACOSH
00463 RE 7dYF N
00464 END

£'F"S VERSIIN 22.51,

00465 L
004 F 1rI O]dN I ,;C, SHI (!'HL Y

0046 ;. " LIT PP.-I- ; .I-.T A Hi / ".
00468 1 ,,TlRNAL Al',
004A' ;'  COe'rnmn :, A,
004 " C S " - ' - .

B-25



004/1 COSNT = [uS(NWHEIA)
10477) FACUSHT- ACOS.H AKt*Jl)ST)*CCOSNT
00473 REfURN

0 174 END

(FLECS VERSiJff 2:,1)

i,0475 C
00476 FUNCTION ATANH(Y)
(0477 IMPLICIT DOUBLE FRLA"S[ON(A-HP-Z)
00478 ATANH = 0.0DO
00479 IF -X ,EQ. 0) RETURN
00480 ATANH :LOGC(1+X)/(I-X))/2
00481 c PRINT*, * X :'p X, ' ATANH(X) =*, ATANH
00482 RE TURN
0048 S END

.'FLECS %.,SION 22.51)

00484
00485 FUN(T I ON FATANHT (l HETA)
00486 IMPLICIT DOUBLE PRECISION(A-HP-Z)
00487 EXTERNAL ATANH
00488 COMMON No AK
00489 COST = DCOS(THETA)
00490 COSNf = DCOS(N*THETA)
00491 FATANHT = COISNT
00492 IF (COST. .O) RETURN
00493 FATANHT = (ATANH(AKCOST)/AK)*(COSNT/COST)
00494 RETURN
00495 END

(FLECS VERSION 22.51)

00496 C
00497 FUNCTION TANH(X)
00498 IMPLICIT DOUBLE PRECISION(A-HP-Z)
00499 TANH = DTANH(X)
00500 C PRIN r*v ' X =', X, ' TANH(X) ='r TANH
00501 RETURN
00502 END

(FLECS VERSION 22.51)

00503 C
00504 FUNCTION FTANHT(THETA)
00505 IMPLICIT DOUBLE PRECISION(A-HPP-Z)
00506 EXTERNAL TANH
00507 COMMON N, AK

00508 COST = DCOS(THETA)

00509 COSNT = DCOS(N*THETA)
00510 FTANHT = COSNT
00511 IF (COSTEQ.O) RETURN 3-26



00512 FTANHT = (TANH(AK*COST)/AK)*(COSNT/COST)
00513 RETURN
00514 END

(FLECS VERSION 22,51.)

ED!. 0 FILES- 1 RECS. 2321 WORDS.
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COPY9COMPIL
FUNCTION ROMBRG(A, B, F, OE) 00008
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00009
INTEGER FOUR(21), 0 00011
DIMENSION 0(20), 00(2) 00012
EQUIVALENCE (0(2) Q(l)) 00013
DATA 0/0/, LMAX/1/, FOUR(I)/4/ 00015
0(0) = 0 00017
H = (B - A)/2 00018

IhAX = 1 00019
DO 99999 L=l,20 00021
IF(,NOT.(L.GE.LMAX)) GO TO 99998 00022
LMAX = L + 1 00023
FOUR(L+1) = 4*FOUR(L) 00024

99998 SUM = 0 00027
DO 99997 I=IIMAX 00028
V = (2* - IMAX - 1.ODO)/IMAX 00029
U = V*(3 - V*V)/2 00030

UF' = 1.5D0*(I - V*V) 00031

X = A + (L) + 1.*H 00032
SUM = SUM + F(X)*UP 00033

99997 CONTINUE 00034
SUM SUM + IMAX*G(L-1) 00035
TMAX 2*IMAX 00036
O(L: SUM/IMAY 00037
D 99996 M=1,L 00039
K = L - M 00040
WK) = (FOUR(M)*0(K+1) - Q(K))/(FUUR(M) - 1) 00041

99996 CONTINUE 00042
IF(,NOT,(L,GTI)) GO TO 99995 00044
ROMBR& = (B -- AtO*1)) 00045
OLIQ - D:ABS((WO) - (,>( -A)) 00050

i(MOLDE.OE. REISION 00014
9 (995 ' +(I+INUE 00054
99999 CON9INUE 00054

RETURN 00055
END 000%6
FUNCTION ROMBEP:A, B', F, OE) 00063
IMP'LICIT DOUBLE PRECISION(A-HP-Z) 00064

I.NrEGER FOUR21), 0 00066
DIMENSION (20, 10(2) 00067
F(111VAL.ENCE (00,Z 2 ),O( ) 00068
DIATA 0/0/9 IMAX/I/, FOUR(I)./4 00070
](W1 -- 'F(A) + F.(10)/2 00072.
H -7 H - A 00073

00074
['U 99999 L=1-20 00076
IF(N0T,(L.6EMAX)) 60 TO 99998 00077
LMAX L +- 1 00078
FlUk i 14 "1 W : OUR (L) 00079

99998 H HXL- 00082
4;i 0 00083
DO 99997 I=IIMAX 00084

SUM = SUM + F(A i H*{(2*1 - 1)) 00084
9999/ CONT INUE 00084

J'.,M - SUM + IflAX${ (.-I) 00085
IMAX 2*IMA' 00086

i(L) SUM/IMAX 00087
DO 99996 M=IL 00089
K = L. - M 00090
Q(IQ = (FOOR(M)*$(K+I) - tQ(K))/(FOUR(M) - 1) 00091

B-28



99996 CONTINUE 00092
ROMBER = (B - A)*Q(O) 00094
ODO = DABS((O(O) - Q(1))*(B - A)) 00099
IF (ODQ.LE.OE) RETURN 00100

99999 CONTINUE 00102
RETURN 00103
END 00104
FUNCTION SIN(X) 00107
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00108
SIN = DSIN(X) 00109
RETURN 00111
END 00112

FUNCTION TAN(X) 00114
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00115
TAN = DSIN(X)/DCOS(X) 00116
RETURN 00118
END 00119
FUNCTION ASIN(X) 00131
IMPLICIT DOUBLE PRECISION(A-HPP-Z) 00122
ASIN = [IATAN(X/DSORT(1-XX)) 00123
RETURN 00125
END 00126
FUNCTION ACOS(X) 00128
IMPLICIT DOUBLE F'RECISION(A-HPP-Z) 00129
ACOS = DATAN(DSRT(1-XX)/X) 00130
RETURN 00132
END 0013
FUNCTION EXP(X) 00135
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00136
EXP = DEXP(X) 00137
RETURN 00139
END 00140
FUNCTION SORT(X) 00142
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00143
SORT = DSORT(X) 00144
RETURN 00146
END 00147
FUNCTION ATAN(X) 00149
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00150
ATAN = DAAN(X) 00151
RETURN 00153
END 00154
FUNCTION ALOG(X) 00156
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00157
ALOG = DLOG(X) 00158
RETURN 00170
END 00161
FUNCTION COS(X) 00179
IMPLICIT DOUBLE FPRECISION(A-HP-Z) 00164
COS = DCOS(X 00165
RETURN 001V7
END 00168
FUNCTION FCOST(THETA) 00170
IMPLICIT DOUBLE PRECISION (A-HYP-Z) 00171
COMMON N, AK 00172
COST =DCOS(TNETA) 00173
COSNT =DCOS(N*THETA) 00174
FCOST =DCOS(AK*COST)*COSNT 00175
RETURN 00176
END 00177
FUNCTION FSINT(THETA) B-29 00179



IMPLICIT DOUBLE PRECISION(A-HPP-Z) 00180
COMMON N, AK 00181
COST DCOS(THETA) 00182
COSNT =COS(N*THETA) 00183
FSINT : COSNT 00184
IF (COST.EQ.0) RETURN 00185
FSINT = (DSIN(AK*COST)/AK)*(COSNT/COST) 00186
RETURN 00181
END 00189
FUNCTION POLY(X, A, N) 00191
IMPLICIT DOUBLE PRECISION (A-HP-Z) 00192
DIMENSION A(25) 00193
PROD = A(N) 00194
[IO 99999 J=,N 001Y5
PROD = PROD*X + A(N-J) ov0195

99999 CONTINUE 0,195
POLr = PROD 0019.6
RE fURN 0019?
END 0019b
SUBROUTINE ACOEFHA, i, IC, AK, N) 00.:0
IMPLICIT DOUBILE PRECIS, N,.A-H,F-7) ('020
DIMENSION b(2 5 , A(25 -, C .: , > 0202'2
[o 99999 J=1,N 002)4
SUM 0 , 60205
DO 99998 K=JN 002C,.
SUM z3LIM + K)I LiK, J)

Y9998 CON)INUE
A(,J) :- UM/AK$*J . .

99999 CUN IfNUE
I -- 0v , i ,

-.:UM bk,*lCQg(I J) ,. ".

. h SLI..M + B'Id.J, IC,\K, J)
99997 'ONI WNUA-

RETURN
END
SUBI'01 11i 1NE ThCHkIt NI

LiT'ENSILIN lC . , .
1NIE6EK U v.2'

If'U. 0'. vI0(0-1, O; - , ,..0.

DO 9YVV99 Km-N
Ic \., Lb -ICI'-;, Li:''.-

ICi 0-i, I - 1'"

DO -,9996, Jl1.,
,F ,#fJT.-,Mr IJ+K,2 .£O. ,) !'Yf [0 '9996 "

'.0 ui .c9Q9-7 .. .

99996 1:1(K, ,J r *:.L (.-1, .1"1 - ]-:: :.
99997 FINT .NJE

99998 CONTINUL p
99999 1ONl)NUE

RETURN '.'.-

END
FUNt.TION FTANT.THEI*I,,
IMPLICI T LOU LE PR'lCISI.OWA-HP-Z) .. 40
,(IF RNAL " B-30 ,.24]



COMMON i, AK 00242
ifI i ;tt IHE)A 00243

I '.NI : IiCUS(NI, -WIEA, 00244
V tAOT LUbNI 00245
IF .COk-i i... REIURN 00246
F ,'iNT (TANA.tiOST ,'AK,*(COSNT/COST) 00247
hF 1 9IFN 00248
Jl00249

FIil f(lN FAIANT( THF1A 00251

IMF I I!-I [!JiLE F'F'fCISION(I H-H,F'-2) 00252
(2Ofi.nlm N, 4h 00253
AST "[11h-, IHEfA' 00254

S'NI-- (I.W 'FTUA 00255
fAI ANI CUSNf 00256

F t ( .A .EC,I, F UE i.JRN 00257

FAfANI tIAI A LNJ*C JSt AIJ,) (COSNT!COST) 00258
I- lUKN 00259
E ND 00260
FUNCIION FASINT IHEFA) 00262
LMF'LI U I ['OJ LI.E F'[- ISION(A-H,F'-Z) 00263
EXf ERNAL ASIN 00264
LOMMOUN N, AK 00265
COST [CUS1(HETA) 00266
COSNT DCOS(N*THETA) 00267
FASINT : COSNT 00268
IF (FOST.E,0) RETURN 00269
FASTNT = (ASIN(AKtCOST)/AK)*(COSNT/COST) 00270
RETURN 00271
ENDI 00272
FUNCTION FACOST( THETA) 00274
IMPLICIT POUE4 E F'RECISION(A-H,P-Z) 00275
EXTERNAL ACOS 00276
COMMON N, AK 00277
COST - DCOS(THEIA) 00278
COSNT DCOS(N*THETA) 00279
FACOST = ACOS(AK*COST)*COSNT 00280
RETURN 00281
END 00282
FUNCTION RASIN(X' 00284
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00285
EXTERNAL ASIN 00286
RASIN = I/ASIN(X) 00287
RETURN 00289
END 00290
FUNCTION FRASINT(THETA) 00292
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00293
EXTERNAL RASIN 00294
COMMON N, AK 00295
COST = DCOS(THETA) 00296
COSNT = DCOS(N*THETA) 00297
FRASINT = COSNT 00298
IF (COST.EO.0) RETURN 00299
FRASINT x COST*RASIN(AK*COST )*AK*COSNT 00300
RETURN 00301
END 00302
FUNCTION FALNT(THETA) 00304
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00305
EXTERNAL ALN 00306
COMMON N? AK 00307
COST = DCOS(THETA) 00308
COSNT DCOS(N*THETA) B-31 00309



FALNT = COSNT 00310
IF (COST.EO.O) RETURN 00311
FALNT = (ALN(AK*COST)/AK)*(COSNTiCOST) 00312

RETURN 00313
END 00314
FUNCTION ALN(Z) 00316
IMPLICIT DOUBLE PRECISION(6-H,F'-i. 00317
ALN = DLOG(( + !)/(l - Z))/2 00318
RETURN 00320
END 00321
FUNCTION FLOGT(THETA) 00323
IMPLICIT DOUBLE PRECISION (A-HP-Z) 00324
COMMON NY AK, I, AL 00325
COST DCOS(THETA) 00326
COSNT DCOS(N*THETA) 00327

FLOGT EDLOG((AK + AL + (AK - AL)*COST)/2)*COSNT 00328
RETURN 00329
END 00330
FUNCTION FSORTT(THETA) 00332
IMPLICIT DOUBLE PRECISION (A-HP-Z) 00333
COMMON N, AK, It AL 00334
COST = DCOS(THETA) 00335
COSNT ICOS(N*THETA) 00336
FSORTT = DSORT((AK + AL + (AK - AL)*COST)/2)*COSNT 00337
RETURN 00338
END 00339
FUNCTION FFPT(THETA) 00341
IMPLICIT DOUBLE PRECISION (A-HP-Z) 00342
COMMON N, AK, I, AL 00343
COST EDCOS(THETA) 00344
COSNT [DCOS(N*THETA) 00345
FEXPT DEXP((AK + AL + (AK - AL)*COST)/2)*COSNT 00346
RETURN 00347

END 00348
FUNCTION FAASNT(THETA) 00350
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00351
EXTERNAL ASIN 00352
LOMMON NY AK, I? AL 00353
COST DCOS(THETA) 00354
COSNT f[COS(N*THETA) 00355
FAASNT = ASIN((AK + AL + (AK - AL)*COST)/2)$COSNT 00356
RETURN 00357
END 00358
FidNCTION EXIX(X) 00360
I PLICIT DOUBLE FRECISION (A-HP-Z) 00361
ElIX = 1 00362
IF (X.NE.0O' EXIX = (DEXF'(X) - I)/X 00363
RETURN 00365
END 00366
FUNCTION FEX1XT(THETA) 00368
IMPLICII DOUBLE PRECISION (A-HP-Z) 00369
COMMON N, AK, I, AL 00370
COST = DCOS(THETA) 00371
COSNT DCOS(N*THETA) 00372
FEXiXT = EXIX(AK + AL + (AK - AL)*COST)/2)$COSNT 00373
RETURN 00374
END 00375
FUNCTION SOAC(Y) 00377
IMPLICIT DOUBLE PRECISION(A-HP-Z) 00379
SOAC = 1 00381

IF (f.EO.O) RETURN B-32 00382
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SOAC = DATAN(rDSQRT(Y*(2 - Y))/U Y)*2/2Y 00384
RETURN 00386
END 00387
FUNCTION FSOACT(THETA) 00389
IMP'LICIT 1DOUBLE FRECISION(A-HPF'-Z) 00390
COMMON NY AK, Ir AL 00391
COST DCOS(THETA) 00392
COSNT [iCOS(N*THETA) 00393
FSQACT SUACU(A + AL + iA - AL)*COST)/'2)*COSNT 0030-4
RETURN 00395
ENE, 00396
FUNCTION SINH(X) 003?02
IMPLICIT DOUBLE PRECISlON(A-HPF-Z) o c039 9
E nDEXF(' 04"
SlNH =E - IE/2 41
RETURN O4
E ND 00464
FUNCTION COSH'X) G4 0
IMPLICIT DOUBLE FRECISION(A-HtP-Z) 00407

E =DEXF(X), c .4089
COSH =C 4" + l;2.-'- 040 9
R E T U RN 0041 1
ENDI 00412
FUNCTION FSINHTPTHETAl 0(414
iMPLICII iCUBLF FRECISION(A-HtF-Z) 00 415
EXTERNAL -INH
COMMONN 42
COST IDCOS THEA,. 04 1
C!JSNf 11COSiN*THEIA) 00 419
FSINHT COSNI 00420
IF (LOSI.EO.0) RETURN 00421
rSINHI = (SLNH(A*UCST)/AU);(LUCSNT/COS2T) 0042'3
RETULRN C-0421
E Nl o
FUNCTION FCOSHT(THETA) 004-6
IMPLICIT DOUPLE FRECISION(A-HPF-Z) 0042'
EXTERNAL COSH 0O4- ' 8
COMMON NY AK 004.21
COST IlCOS(THFTA 00413v
COSNT =LiCOS(N*THETA) Q00431
FCOSHT =COSH(At<*COST)*COSNT 00432
RETURN 00433
END 00434
FUJNCTION ASINHtX) 004 3A
IMPI 1(IT DOUBLE FRECISiON(A-HYF-Z) 07
EXTERNAL ATANH 00438~
ASINH =0.0110 00439
IF (X .EO, 0) RETURN 0044h
ASINH =ATANH(X/DSORT(1 + X*X)) 00441
RETURN 00443
END 00444
FUNCTION FASINHT(THETA) 00446
IMPLICIT DOUBLE FRECISION(A-HYF-Z) 00447
EXTERNAL ASINH 00448

COMMON N, AK 00449
COST = ECOS(THETA) 00450
COWN = ICOS(N*THFTA) 00451
FASINHT = COSNT 00452
IF (COST.EQ.0) RETURN 00453
FASINHT z(ASINH(AK*COST)/AK)*(COSNT/COST) 00454
RETURN 00455
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41' 00456

I fY{'i IO N A LO SH , H 0 0 4 98

TfF'L V I [,UPI.IE FRECISION(A-H,P-Z 00459
X I E 'N,,L flANI 00460

0(O0 - ,H' [" FI ' * i)i ,/',; 00461

FE [UrN 
00463

I ou 00464

)k lIn I , Flf 0SH I ! HI I A) 004 -.6
.jili ' .~!' lFF iI!S II N .A -H ,P '- 00 4: .

I !FNA 46.:
'lfr, t, V' * F 0846?

,' t 1 ',-. t , HE TA' 20470

St!' tNA f H F VA Q4 471. - .. .*i... I- F . 'S47(014

ri- P , 
.104 14

'1b Ul lulI' F'EL'] SI0NkA,-HIF-Z) 004/7

A .4,0 - '" '221 0 U0 4 78
S, : .1}.62" F. 'r 0047w

)N0'6, [1.'l+ 1-2' ' 0(480

FFlU L'4 
004 8

;) 1: ,-0433

),e [[IF F."TANHIT(IHF
TA', (,074;.35

tNFLIC:! '(OUs: F?K'CISION(A-dI.F-Z)i3(-S
I I- I g, :' 4l tNHR * 004.AH -J S

-'N1 ' N," ',"4
(4-

.,14["b: 'i~[' ' )'')

T -4-
U LN Th4

AN' ~ j ' '.i)...l4OT A 'COSNT/COSI

v .'4 -'&.

CL .. I[ I L * :.'ISION(A-HF-ZI) 00505

0050i
,',! ",< i 

, I T)IA0508* I. I, 1i-.bL, , 14 I SION A-"F- , 00505

rr , ' ' .~ i-ax 005t

V. ' , t t TURN ,."O5I!

.0'' u,,-1NH ,. ,c T $COSNTiCOS1 ) m.t.
00513

'!, '20514

-LU , "1' . RE.. 37T5 WORDS.
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MISSION
Of

Rome Air Development Center
RADC ptanA and execwte& u4eech, devetopment, te~t and
6etected acqui,6ition pikog~am6 in auppott o6 Command, ContLoCommunicationa and Intetiqence (C31) activitzeA. TechnLco.
and engineeting 6uppo~t within a'tea4 og technicat compe.tence
is p~ovided to ESV Ptogtam O66iceA (PO.s I and othe4' ESOetement6. The. p'tincipat technicat iZ,6on a~'eas ate.commncaons, etectromagnetic guidance and contt, zwt-veittance o6 q'tound and ae~o~pace obiect;6, intettignce dataacottecton and handting, in~okmation'.6y.6tem technotogy,
iono.6phe~'ic p'topagation, .6otd state 6cie~nce,6, rnictomv.e
phy~zcA and eectuLnic Aetiabitity, moanta.inabiCtt andcompatibitity.
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